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P 1\ O CE M I U M. 


Ante biennium iere, cum theoriam functionum ellipticarum ac- 
curatius examinare placuit, incidi in quaestiones quasdam gravis- 
simas, quae et theoriae illi novam laciem creare, et universam 
artem analyticam insigniter promovere videbantur. Quibus ad 
exituin felicem et propter difiicultatem rei vix expeclatuin per- 
ductis, prima earum momenta breviter et sine demonstratio- 
ne, mox cum vehementius illa desiderari, et invento novo vix 
lidem tribui videretur, addita demonstratione, cum Geometris 
communicavi. Urgebar simul, ut systema completum quaestio- 
num a me susceptarum in publicum ederem. Cui desiderio ut ex 
parte saltem satisfacerem, fundamenta, quibus quaestiones meae 
superstructae sunt, in publicum edere constitui. Quae hindamenta 
nova theoriae Iunctionum ellipticarum iam indulgentiae Geometra- 
rum commendamus. 
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Ut a typographorum mendis, quantum lieri potuit, mundus 
evaderet liber, Cl. Schkrk curare voluit, cui ea de re valde me 
obstrictum esse proCteor. Quae emendanda restant, ad calcem 
adiecta sunt. 


Scril»e!>ani m. Felir. a. 1829 
a«l Unir. Regiotn. 
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TRANSFORMATIONE FUNCTIONUM ELLIPTICARUM. 


EXPOSITIO PROBLEMATIS GENERALIS DE TRANSFORMATIONE. 

1 . 

Integralia maxime memorabilia, quae Formula exhibcnlur y^~_ ^ ^ , et quae Func- 

tionum Ellipticarum, quae dicuntur, primam speciem constituunt, ab Argumento du- 
plica pendent, et ab Amplitudine $ et a Modulo k. Eiusmodi functionis inter se compa- 
ratis valoribus, quos illa pro diversis Amplitudinibus obtinet, eodem manente Modulo, 
egregia multa detexerant Analystae, quae Additionem eorum et Multiplicationem spectant. 
Quam nuper vidimus quaestionem a Cl. Abel in Commentatione, nostra laude majore, mi- 
rum in modum provectam esse (V. Crelle Journal fur reine und angevrandte Mathema- 
tik V. II.). 

Alia est quaestio nec minoris momenti — immo sensu latissimo capta illam invol- 
vens — de comparatione Functionum Ellipticarum pro Modulis instituenda diversis. 
Quam quaestionem post praeclara inventa CI* Legendre — Theoriae Functionum Ellipti- 
carum Conditoris — ad principia certa nos primi revocavimus, eiusque solutionem desii- 
mus generalem (V. Attronomiiche Nachrichten A. 1827 . No. 123 . 127 ). Hanc nostram de 
Transformatione Theoriam et qnae alia inde in Analysin Functionum Ellipticarum redun- 
dant, iam fusius exponemus. 
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2 . 


Problema, quod nobis proponimus, generale hoc est: 

„ Quaeritur Functio ralionalit y elementi x ejusmodi , ut sit : 
d y __ d x „ 

/ A'+ B } -p Cy • + I)V + E'y* Z ' A + B i + C«» + 0 »' + Ej* 

fluori Problema et Multiplicationem videmus amplecti et Transformationem. 

Innumera iam diu constabant exempla eiusiuodi functionum rationalium y , quae 
problemati proposito satisfaciunt. Primum notum erat, quicunque datus sil numerus in- 
teger impar n , eiusmodi functionem rationalem y exhiberi posse , ut sit : 

d y ndt 

Z ' A + Ilj + Cr* + Uj , +Eys A+B»-)-C.»-(-n,> 4K1* ’ 

quod est de Multiplicatione theorema. Quem in finem adhiberi debet forma : 

a -$• * #1 ***** + a*"» 1 + ••. + »(■“)« na 

5 = b+k'«+bV+k"»>+ .7. + biuhu * 

(,'oefficientibus a , a', a", . b, b', b", ... rite determinatis. Satis diu etiam ex- 

ploratum est, formam hanc: 

J ~ b + b'. +bV > 

seu hauc generaliorem : 

i + ii + i *! 1 -$-■"* 1 4 “ • • . 4 ° a (* m b« m 
b + b'. + bV + b"i’ + . . . + ’ 

(juae ex illius substitutionis repetitione ortum ducit, ita determiuari posse, ut solvat pro- 
blema. Nuper admodum etiam probatum est a Cl° Legendre, eum in finem adhiberi posse 
formam hanc rite determinatam: 


b+b'»4-b"»<+b''.' ’ 

seu rursus, eadem substitutione repetita, hanc generaliorem: 


1 ~ b+b'.-f-bV+b“i*-f p ‘ 

His inter se iunctis formis patet, problemati satisfieri posse, idonea facta CoeiHcieutium 
electione, posito: 

» 4- ■ 1 4* »*»' 4 , ” 11 4 * ■ • • + 

b 4 * b'i 4 - b # i* 4 -b -¥ *’ 4 • . ■ 4 bttt«t * 
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siquidem p sit unmerus formae 2* S fl (2 m-j- 1)’. Iam fequentihus probabitur, idem va- 
lere, quicunque ait p numerua. 

rRINCiriA TRANSFORMATIONIS. 

3 . 

Designentur per U, V functiones rationales integrae elementi x ; sit porro fit: 

dy VdO— UdV 

V^A' + B'y-f. Cj’ -t-Uy' -t-K'y* Y 

brevitatis cansa posito: 

- Y = A , V + B’V»U + CV>U»-t-iyVU>+E'U*. 

Fractionem — 11 U ~ U J — in formam simpliciorem redigere licet, quoties Y factores duplices 

habet; quin adeo, ubi praeter quatuor factores lineares inter se diversos e reliquorum nu- 
mero bini inter se aequales existunt, fractio illa sponte in Differentiale Functionis Ellipti- 
cae redit -- d - — , designante Tj functionem elementi x rationalem. 

A-f» Bi-f-Cx» -j- D*> Ex* 

Quem accuratius examinemus casnm ac videamus, quot et quales sibi poscat Conditiones. 

, » 

Sint functiones U, Y altera p", altera m" ordinis, ita ut m < p : erit Y (4p) tl or- 
dinis. Iam ut, quatuor factoribus linearibus exceptis, e reliquis functionis Y factoribus, 
quorum est numerus 4 p — 4, bini inter se aequales eradant, (2 p — 2) Conditionibus 
satisfaciendum erit. Quot enim functio proposita duplices habere debet factores lineares, 
tot inter Coefficientes eius intercedere debent Aequationes Conditionales. 

At functionibus U, V Quantitates Constantes Indeterminatae iasunt m p -+- 2 , 
seu potius m+p-f-1, quippe e quarum numero unam aliquam =1 ponere licet. Qua- 
rum igitur numero s r el aequatur numerus Conditionum 2p — 2 vel ab eo superatur, modo 
supponatur, m esse aliquem e numeris p — S, p — 2, p — 1, p, quibus casibus numerus 
Indeterminatarum fit resp. 2 p — 2, 2p — 1, 2p, 2p-t-l. Duos priores casus reiicien- 
dos esse cum infra demonstrabitur, tuin hunc in modum patet. Namque inventis fnnetio- 
nibusU, V, quae functioni Y formam illam praescriptam conciliant, ubi loco x substitui- 
tur «-4-0X, neque ordo mutatur functionum U, V, Y, neque numerus factorum dupli- 
cium functionis Y: unde in solutionem inventam statim duas Quantitates Arbitrarias iu- 

A 2 


Digitized by Google 



4 


ferre licet. Itaque numerus Indeterminatarum numerum Conditionum dualius saltem uni- 
tatibus superare debet, unde casas m = p — 3, m=p — 2 reiicieudi sunt. l’orro ridemus, 
loco x posito *^* , tertium casum ad quartum reduci et quartum minime mutari, quo 

igitur casu Indeterminatarum tres et arbitrariae manent et manere debent. 

Iam igitur evictum est, quantum quidem e numero Indeterminatarum et numero 
Conditionum iuter se comparatis concludere licet, quicunque ait p numerua, formam: 

a + a'l+»y + 

l + b'i + bV+. . .+b ( *>>’ i 
ita determinari posse, ut sit: 

dy d s 

•f A+By-f CV + Dy -J-Ej* MyA + Ba+ty + ty + Ei* 


designante M functionem rationalem ipsiua x ; imo solutionem tres Quantitates Arbi- 
trarias involvere posse. 


M 


4 . 


Ut determinetur functio illa M, sit Y = (A-+- Bx-f-Cx^-Dx’ -+-Kx*) TT, de- 
signante T functionem elementi x integram rationalem : erit 

T 


Mi 


dU 

da 


-U. 


d V 


Ipsa T erit ordinis (2p — 2) u ; nec maioris esse potest V . — U lam casibus qui- 

busdam constat, scilicet ubi numerus p formam illam habet 2 “ S J ( 2 n -t- 1 ) ’ , M adeo 
heri Constantem. Idem generaliter probabitur sequentibus, quicuuque sit p numerus. 

Functiones U, V supponere possumus factorem communem non haliere; adieclo 
enim lactore communi, fractio -^=y non mutatur. Resolvamus expressionem 


A+BV+cy+Dy+Ey 
in factores lineares, ita ut sit: 

A'+ff y +cy+ty y *+Ey=AC<i— .y.(i-0y(i-, y )(i_r r ), 

unde etiam: 

y« 5 A'v*+B'v*u+c'v*u*-pD'vu'+ro*=.A'(v-« , u)(v_(ru)(v-vu)(V_l , U). 
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lani existere uon potest Hietor, qui quantitatibus Y — »'U, V — 0V } V — y'V, 

V — i>'U vel omuibus vel inio duabus tantum ex earum numero communis sit ; idem enim 
et V et U simul metiretur, quas lactorem communem non habere supposuimus. Itaque ubi 
lactor aliquis linearis functionem Y bis metitor, idem unam aliqoam e quantitatibus V — *'U, 

V — 0V , V — y'U , V — S'U et ipsam bis metiatur necesse est. 


lam notentur aequationes sequentes: 


/ » -*> 

. dU 

/v — «Lh — — 

<I(V-«U) 

dU 

-u 

( “ u; dt 

iv ' U 

d x 

au 

/V — tfU) — — 

d(v-flru) 

dU 

•S 

1 ' 'd. 

, * U T 
dx 

d x 

, du 

d( v - 7 'U) 

dU 


1 T T*’* 

di 

d. - u - v 

dx 

t v_S-u, d -i?- 

d ( v_ru, Tt _ v 

dU 

«£• 

V ' v , 

d 1 

d> 

* dx 


e quibus sequitur, factorem qui unam aliquam e quantitatibus Y — a'll , V — &V , Y — ->U, 
' — Vi» ideoque etiam eius differentiale metiatur , eundem metiri expressionem 

^ U — . Productum vero ex omnibus istis factoribus, ipsam etiam Y bis metienti- 

bu», conflatum j>osuimus =T , unde T ipsam U ^ metietur. At T inferioris or- 

dinis non est quam ipsa V — U , unde videmus 


M = 


T 



— V 


d V 
d * 


abire in Constantem. 

Ceterum adnotemus, ubi functionum U, V altera inferioris ordinis fuisset quam 
(j) — t) 1 *, ipsam etiam — U inferioris ordinis fuisse quam T, quae tamen Hlam 
metiri debet i quod cum absurdum sit , reiici dehebaut casus m=|) — 2, m=p — S. 


lam igitur demonstratum est, formam: 

b + b’t d* b"* + , . , ^ 
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quicunque iit numerat p, ita determinari potet, ut prodeat : 
iy _ di 

+ B'y + CV* + U'y > +£'y* A + Bi + Ci- + D«' + Ei< 

Quod eet Principium in Theoria Transformationum Functionum Ellipticarum Funda- 
mentale. 

dy 

PROPONITUR EXPRESSIO r ~ ... - — IN FORMAM 

/ ± (r— «) (j-fl) <r — •») (> — 5) 

SIMPLICIOREM REDIGENDA - -- J * 

M/ (1—1) (l-k*.») 

5 . 

Trium Constantium Arbitrariarum ope, quas solutionem Problematis nostri ad- 
mittere vidimus, expressio A Bx Cx’ -+- Dx‘ -+- Ex* in simpliciorem redigi potest hanc: 
A(l — x*)(l — k"x*). Ut hoc et rebqua, quae modo demonstrata sunt , exemplis etiam 
monstrentur, propositum sit , datam expressionem : 



r»(y— *) ' * 

facta substitutione : 

i + i«*f • 1 ’*• 

b + b'« + bV 

in simpliciorem transformare hanc: 

ds 

m/* (l-«*)(l — kV) 

Quaeritur de substitutione adhibenda , de Modulo k et de factore Constante M e datis 
quantitatibus a, /3, y, l determinandis. 

Ponatur a -t-a'x-t-a"x*=U, b-t-b'x-»-b"x' = V, j =— : e principiis modo ex- 
positis fieri debet: 

(U-«V)(U— flV)(U— yV)(U — »V)=.K(1 — **) (1 — k«0(l + m.)’(l + n.)\ 
designante K Constantem aliquam arbitrariam. Hinc ridemus duos c numero factorum 
U — «V, U— /3V, U — yV, U — &Y, qui erunt secundi ordinis, adeo fieri quadrata. 
Ponamus igitur : 

U- T V = C(I + m.)* 

U — IV=sD(l + «»)*. 
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Iani quod reliquos attinet factores U — «V, U — (9V, poni poterit, aut: 

U-«V*=A(1 — »*), U— 0 V = B(I — k'«’), aut: 
ll_«V = A.(t-«)(I-ki). U-0V = B(l + «)(l+ki). 

designantibus A , H, C, D quantitates Constantes. Prius reiiciendum erit. Prodiret eniin 


II ® V v • iV 1 — x* • • 

— J- r , unde se<|ueretur, elemento x in — x mutato y immutatum 


U — 0 V j—0 B ' l— k’«’ 

manere, »|uod absurdum esse patet ex aequationibus: 

U — « v y — , 

U— rV 

U_«V y — « A XrJ 
U — JV ~y-l ~ D ' ? 

s ' [/1 ttA j > 


r-« * «-* A /-.** A J~\ _ , 
y— v * ? iQ- ^ < j 


/-/ *• 


A 


V 


D (J, 

Poni igitur debet: 

1) U — *V = A(1 — — k») 

t) U-0V = B(l+«).(l+k.) | , 

S) U-yV = C(l+Bn)' 

♦) U — >V = D(l+m)*. 

Adnotare convenit, e Constantibus A, B, C, D unam aliquam ex arbitrio determinari 
posse. 


6 . 

Videmus ex aequatione l), et posito x = i et posito x = -|- fieri U=« V. Hinc ex 

aeqnatione : 

U— y V C (l + mi)’ 

U-0V ~ B '(l+.)(t + k«)’ 

posito x= 1 , prodit: 

y C fl + ro) 1 


«-0 B ‘ I(l+k) 


posito x=-r ■ 

% 

°-T C 
« — 0 B 


hsL 

*( i+ t) 


unde: 


(t+m) 


i , «= k (t + Y’) • 
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Prorsus simili modo invenitur: 

(l+ B )’=k(l + yy, 

unde m = »/k, n= — t/lc. Neque enim aequales ponere licet ni et n ; tum enim expressio 
^ yZT ’ *deoque 'P* 8 y "^iret ‘ n Constantem. 

lanj in aequatione: 

• * f 


III uuiuuuuuv . ^ 

IV— rV y-& C | l+VXt t ' J /-* V A -C. ( 

V.* ^U-fV-7 =T~ D 

ponatur jmfhfiW *7= -4- t , quo casu U = *V ; deinde x = — l , quo casu l = 3 V : 
prodeunt duae aequationes sequentes: 


■ c 1 

l«+Vk| 

u 1 

'l-VM 


1 1— sAi 

' D 1 

U+vm 

us, 

fit: 

(« — 

tHA-t) 


. I 


unde ponere licet : 

C = Y («— vU8-rt 
D = / (« — tj(fi — i/ i 

nam e quantitatibus A, B, C, D una ex arbitrio determinari poterat. 


unde: 


Ex iisdem aequationibus, altera per alteram divisa, obtinemus: 

i+yt W-tho-IT 
1— ^ y (« - iufl - ■,) 

Y (« — -r) (g — *) - Y 


,tz-A 


Y (* — y)(fi — t ) + Y (« — h IO~y) 

Adnotetur adhuc formula : 


t . 
t j 


j (« — y)(P— i) + Y m— >)ta— ~ 

^ Y («— vMP — b — Y ^ u» — y> 
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uuuv . 

g-^A- » ) = , , . 

* vk ' V (« - 7 ) ca - J) - V (« - h w — » 

fi+ykt (i + -L-) = +-*/ («-■»> V>-l) -*»- 

Ut Constantes A, B, definiantur, observo [ ex aequationibus l), 2), s), posito x = 1 
quo facto U=iV, erui: 

* -7 «/* («— -ri A — 

7 •/*( («— vXfl— v) 

unde: 

A = ~/~ ( «— tH— >) j /" (« — Y )(fl — J) - /‘(«-JXfl-Y» I 

y-t | | r 

B = /W-V>W— >) j/" <«— r )(/3-I)_/' («_5>03 — j . 


K principiis generalibus supra a nobis stabilitis sequitur, in exemplo nostro exures- 

T i j J ^ 

sioneni V— V— aequalem fore producto (t-4-/kx) (1 — /kx) in quantitatem con- 

stantem ducto, quod ita facto calculo compro)>atur. 

Fit, uti evolutione facta constat: 

s«u ll£- y S^->V sr/l&gy 

/’--y^=C(l + Vk.t)' S V- > V 
y~^6 = d (t — yk . «j\* V- •Z' V 


/ , , ^ 

r /•< • 'u • ‘ . V f 


*. <> tv j » • » 
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Unde prodii : 

(7 - *) ( v 4 t- - u 4r) = +4 ^ ■ co ( ‘ + ^ ^ 11 “ ^ • x> - 

His omnibus rile collectis, obtinemus: 

, ' **’ I 

dy _» ^»4Vh / CD d» 

/" -(y-«0ty— /3)0— T)(T— *) » —AB V'~ U— »*)U— V**J ’ 

unde: 


M[r _ 7 — 1 A — AB (■—•») (3 — 1) — l/~ («— 1)(3— •>) 

-t-«v"k v cu 


♦yr 

_ iy (»--r)(>3- :: Tr+*/~(«-*)(fl— •>) r 


uude: 


dy 


/" Ma-Od-I'.-) 

ds 


’((& 


-7)w-«) +y («-Dw- 


■ 7 ) 


j ^ y («_ y)C3— i) — y (« — — >) y ^ 


Posito (« — y) . (i3 — S)=G, (* — S)(/3 — y) = G', fit: 

<1 1 d» 


M.y (t—oci—i',’) 




Sit G=mtn, G' = nn, sit porro: 


n = — (»•+■■), n' = V m n 


J w .** 

*= (m'*f n') » n"= y m'n' , 


ent , 


p°^=^ : 

» kV 4 <i 


-vr- v y , ^v v % ^ 5 i 


m/" ( 1 — **) (I — k** J ) y «r nt" iin <p 7 

( V turum valor ipsius x facillime computatur 6pe fonnulat* : 

l+V'k* V (oc — 8)03 -V 'J (I 

*y G +yG' v- - 


ubi: 
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t i 

Quantitates a, /S, 7, i in formulis propositis ex arbitrio inter se permutare licet. 
Quod iu arbitrio nostro positum certum fit ac definitum, simulae conditio addatur, ut, 
siquidem fieri possit, transformatio per substitutionem realem succedat. Id quod accu- 
ratius examinemus. 

Ponamus, quantitates a, $, y, £ reales esse omoes; sit porro a>,3>7>£, ita ut 
a — / 3 , a — 7, a — & sint quantitates positivae. Iam distinguendum erit pro limitibus, in- 
ter quos valor argumenti y continetur: 

1 ) } <1 7 , 2 ) 7 et S. 3} d et a , t) « et t. 

Casu postremo transitum ab a ad £ per infinitum fieri puta. Expressionem — 

V (y— Ki-Wy-yYj-l) 

non nisi casu secundo et quarto, expressionem — - - — non nisi casu 

/ — (jr— «Xr— fflCr— y)(j— t) 

pruno et tertio realem fieri videmus. Substitutiones reales , quae quatuor illis casibus re- 
spondent, Tabula I. indicabit. Deinde Tabula II. formulas amplectamur, quae expres- 
sioni . y - — per substitutionem realem in simpliciorem transformandae in- 

* ±(j — «)(y— «( t— r) 

serviunt, pro limitibus, inter quos valor argumenti y continetur: 
l) — 30 e! Sj y «t 0 , 5) fiet a, 4) ac ct + oo • 

Quas formulas dividendo per i ac tum ponendo £=— OO facile e Tabula 1 . derivare licet. 


B 2 
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A. 


■*y 


TABULA I. 


d * 


/"(y — «Hy— A)(y— »)<y-^*). V I—** i f U-t-N*»* 


L = ^ 


N = 


(« — y)C3-J)- V («-AHt-J) 


I. Limites: «.. + QO..&: j* - =l/ -p — Tr~ r ~~V ' — T 

— l+n, V (■— rKT— V y— A 

II. Limites: T jS: -/^f . 

L-fN* V (« — /3)(« — y) y y — 6 


( * 


B. 


dy 


d * 


/* — (y— «Hy— A)(y— t)(y — i) /* t— »’ I.*— N‘«’ 


L = ^ f« — 7) W — jj + y~(»— 1)(0 — -y) 


N= 


(«— y)(|3 — 1) — V (« — i) ((3 — 7) 


— jr 

T 


i , •. a L — N» _ 4 /'(«-v)(A— y) 

I. Limites: 5 •: L+JJl y -y — 

II. Limites: ^ SgEEJL t/ *=£ • 

7 L+N. v (A-»)»-*) V — y 
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TABULA II. 

' • i 

d y dx 

Z (r-«Kr-0)(y-r) / 1— »* Z" 



, / «— r + V«— fl 


i 


M V«— V — Vi * — fl 

Limites a .. . . 

L + N.-y ._ T y^- 

Limites y . 

- L-N« - Z" — y 

• "• L t N « »r' 


B. 


Z~ -(>•-«) (y — /3) 0 — t) Z* i-*’ Z' 


I.= ' 


N = - 


I. Limites 0 .... a: 


* — 7 — V /3 — 7 


L — Nx f/% — 7)(r3 — 


7) 


L + N ‘ /— 

II. Limite, _oo...y: 

L-fNx V /3—7 V « — y 
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9 . 


Iu iortuuli» hisce pro limitibus assignatis simul x a — 1 usque ail - 4 - t atque y ab 
altero limite ad alterum transit. Limitibus autem , qui formulis 1 et II respondent , inter 

se commutatis , expressioni ridemus ralorem imaginarium creari formae + i R , po- 

sito i = /— 1, ac designante R quantitatem aliquam reaJem ; ipsi x autem conciliari for- 


te i( f e*® , L-N. 1_. 1 * 

— r — = — ; unde , , ,, = rx- 

N L+N« 1+e'f 1 


iP ip 
’ + « * 


= — itaug— . 




«i X 


Formam, ad quam hac occasione delati sumus, x= ^ in expressione 
substituamus. Prodit: 


ie i(fl d(p 




V (l-OCl-k* 




dp 


AP 


f I — 2kco»J ?>-+-kk / (1 — k)’ coi Cs 1 ( 1 -f- k ) 1 »m p 1 

Ouae nobis quidem substitutio satis memorabilis esse videtur. E qua etiam generalior ior- 
muln fluit sequens, ponendo x=siu\|.: 

k n sin *° d (cos 2 n $ -j- i sin t o $>) d <P 

V 1 — k* »in yT 1— *k COS t«>+kk 

unde pro limitibus e et n- obtinetur, evanescente parte imaginaria: 

rs ir rr 

k n sin 4»*° d\J^ g cos 2n$d$ f cosn$d$ 

,/ v"l — k' IID 4>‘ ,/ y/”l— » k coi t $ + k k ,/ ^1—i k coj?> + kk 

«0 S 

quae est demonstratio succincta formulae memorabilis a CI. Legendre proditae. E Tu- 
bulis 1 et 11 duas alia; derivare licet sequentes, commutatis limitibus, inter quos valor 

ipsius y contiuetur , ac posito x = — ^ — • Pro limitibus assignatis angulos $ inde a 

e usque ad v crescit, dum y nb altero limite ad alterum transit. 
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TABULA III. 


A. 


<>y 


dip 


/* Cy — «} (y — flHy — ■>)'()' — I) /" ■» mcos<p i -f‘OnBin^ r 

m = /" (« — 7)«J — *)(«— /3)( t — i) 


1. Limites > ... 0: 


II. Limites a ... & : 


'8 


9 

* 



T (■— t)(t — I) 

* / (*-<))(« -7) 

V W_J)(7-J) 



4» .1 +) 

y — (y — «0 (y — 4) (y — y) (y — I) i/”' «oeti^+nniiiij' 

"' = i/" («— y)W — J)(«— I)C3— y) 

_ i f (»— y) 0>—I) + 1/~ («— itjtf— t) 


I. Limites >> 




II. Limites 0 . 


a: 




(»—•>) («— 
Ca-y)W-ii 
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TABULA IV. 


A. 




1 C — yf "nieM^+nniiD^ 




7)(«-« 


/«— 




s 

Limites y 

. . . 8 : l«y = 




V «-7 Y fl— > 

Limites a . . 

.-t-oc: i«--= 

/* r — « 

V'(«-/3)C«-7} 


X 


B. 




d<t 


yf — (y — «)(y — P) (j — 7) V~ mmcoi^+nmin®' 


»=y (■— tt)w— 7> 

V ' “—7 +/V— 7 


I. Limites — 00 . . . 7 : ^ 

\ t • >— r 


II. Limite*» /3 ... «: 


'4-v i=f ■ 
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Fumus hanc quaestionem tractavimus, ut adsit exemplum elaboratum. Restant 
adhuc casus, quibus quantitatum «, $, y, i vel duae vel quatuor imaginariae snnt Ca- 
sus prior et ipse solutionem realem admittit , quae tamen specie imaginarii laborat. Ca- 
sus posterior eiusmodi solutionem realem omnino non admittit. Onare ut omnia ad rea- 
lia revocentur, novis transformatiouibus opus erit, unde coucinuita.s formularum perit. 
Cui igitur quaestioni supersedemus. 

Substitutioni propositae alia respondet, eius inversa, formae 

,+»>+»>* 

*> + b'y+b'y*" 

quae et ipsa formulas elegant issimas suppeditat. Cum vero fortasse iam nimis diu huic 
quaestioni immorari rideamur, eius investigationem ad aliam occasionem relegamus. Re- 
vertimur ad quaestiones generales. m 


DE TRANSFORMATIONE EXPRESSIONIS 
ALIAM EIUS SIMILEM 


ir 

v i— r J . V i -■»*?* 

dx 


IN 


Jl/l— x ! /l — k*x a " ' 


10 . 

Vidimus, datam expressionem: 

6 y 

f v+Bj+cy+D-ji+tV 

per substitutionem adhibitam huiusmodi : 

- » + »'» + »' v d F» (pi »p _ U. 

} “b+b'*+kV+....+b««»» _v 

quicunque sit numerus p, in aliam eius similent transformari posse: 

dx 

Hiusmodi substitutio cum a datis CoeHicientibus A’, IV, C’ , IV, K' pendet, tum 
vero maxime a numero p, quippe qui exponentem designat dignitatis summae, quae in 
functionibus rationalibus U, V' invenitur. Ouamobrem in sequentibus dicemus, eius- 

C 
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modi substitutionem s. transformationem p‘‘ ordinis ene s. ad pium ordinem sive simpli- 
cius ad numerum p pertinere. 

lam indolem harum substitutionum accuratius examinaturi , missam faciamus for- 
mam illam complexiorem : 

£r 

Z' A+n y +c,’+iv+h,« 

ac q uaeramus de simpliciori hac — , ad (|uain illam revocari posse et vi- 

dimus et notum est , iu aliam eius similem — - ■■■ ■ d l ■ ■ — - ■ transformanda. 

M / 1—»’ / t— k’»’ 

Quaestionis propositae natura rite perpensa, problemati satisfieri invenitur, siqui- 
dem functionum U, V altera impar, altera par esse statuatur, id quod iam exempla in- 
nuuut ab Analystis hactenus explorata. Qua in re maxime distinguendum erit inter ca- 
sum, quo imparis functionis ordo paris ordine minor et eum quo maior est paris ordine; 
sive inter casum quo transformatio ad numerum parem et cum quo ad numerum im- 
parem pertinet. 

Iam igitur primum probemus, transformationem succedere adhibita substitutione 
ordinis paris seu formae; 

r _ , Q,+,v+,-v+ . . , u 

i+b'i*+h'»»+. . .+b l “ , « Jln v 

Hic functiones V-+-U, V — U, V-+-XU, V — Xl) et ipsae erunt ordinis paris, 
unde ponamus; 

l) V + U = (l+»)(l+k.)AA 
*; V — U = (1— ,){t — k»)BB 
S) V + AU=CC 
*) V — AU=I)D; 

designantibus A , B, C, D functiones elementi x rationales integras. Quibus aequationi- 
bus simulae satisfactum erit, eruetur, uti prol>avimu.s : 

d J d s 

Z~ 1 — , ’ l — K‘j m/~ 1_i* /" 1 — k'»' 

Mutato x in — x cum U in — U abeat, V autem non mutetur, ex aequationibus t), S) 
reliquae 2), 4) sponte fluunt. Ut aequationibus i), s) satisfiat, V -t- X U m vicibus, 
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V- 4 -IJ (m — l) vicibus duos inter se aequales habere debet factores lineares; insuper ipsi 
V-4-U etiam factor 1 - 4 - x assignari debet. Quae omnia Aequationes Conditionales sibi 
poscunt numero m-f-m — t-H = !m, qui et ipse est numerus Indeterminatarum 
a, a', ... a( m — b', b", ... bf m ). Unde problema propositum est determinatam. 


Secundo loco probemus, succedere etiam transformationem, adhibita substitu- 
tione huiusmodi: 


+.'»«+ 
1+b' •■+!>" i»+ 


. + .(" ) . ,m ) V 

. + b (n V m v ’ 


quae ad numerum imparem pertinet. Hic V-4-U, V — U, \-f-AU, V — X li et ipsae 
sunt imparis ordinis, unde ponamus: 

1) v + u = (i+«)AA 
v — u = (t— »)Bn 
8) V+AU=(t + k.)CC 
*) V— XU=(l-ki)DD. 

Hic quoque solummodo aequationibus i), 3) satisfaciendum erit, quippe e quibas mu- 
tando x in — x duae reliquae sponte manant. Ut illis satisfiat, et V-f- U, et V -t-AU sin- 
gulae m vicibus duos inter se aequales habeant factores lineares necesse est, quem in finem 
2m Aequationibus Couditionalibus satisfaciendum erit, quibus una accedit, ut insuper 
Y-t-U nanciscatur (l-f-x) factorem. Hinc numerum Aequationum Conditionalium esse vi- 
demus tm+1, qui et ipse est numerus ludeterminatarum n, a', n", . . a (m ) ; b', b", . . . 1/*) ; 
unde et hoc casu determinatum est problema. 


11. 

Designentur per U', V' functiones elementi y integrae rationales eiusmodi, ut 
U' 

posito z=-y, eruatur: 

dt d y 


Vi-t’ Z' M"/ - 1 — y’ V I-*-' i 


u* 

Sit ea, quae adhibita est, substitutio ordinis p' u ; ac per aliam substitutionem 

C 2 


Digitized by Google 



20 


y=-^-, (designantibus U, V, ut supra, functiones elementi x rationale» integras,) quae sit 
ordini» p“, eruatur, ut supra: 

d y d x 

f 1 — y* 1 — XV m/"i— *■' /* 1-kV 

Iam substituto valore y=-^- in expressione z=^j,, nascatur z=-^s : erit una illa suhstitu- 

U" 

tio z qua adhibita eruitur: 

d t dx 

/ I — *’ 1-fA’M’ M M'/* 1 — ,* /l~k> «* 

ordinis (p p')“. Ita ridemus, e pluribus transformationibus , quae resp. ad numeros p, p', 
p", ... pertinent, successive adhibitis, uuam componi posse, quae ad numerum pp'p" • . • 
pertinet. Nec non vice versa, quod tamen in praesentiarum nou probabimus, transforma- 
tionem, quae ad numerum aliquem compositum pp'p' ■ - perlinet, seniper ex aliis suc- 
cessive adhibitis componere licet, quae resp. ad numeros p, p', p". . pertinent. Ouarnobrem 
eas tantummodo investigari oportet transformationes, quae ad numerum (lertineant primum, 
quippe e quibus cunctas componere licet reliquas. Iam igitur in sequeutibu» missum fa- 
ciamus casum primum, qui ordinem transformationis parem spectat, quippe quem sein- 
per componere licet e transformatione imparis ordinis et transformatione, quae ad nume- 
rum 2 pertinet, identidem, ubi opus erit, repetita. Casuui secundum autem seu transfor- 
mationes imparis ordinis iam propius examinemus. 


12 . 

Videmus eo casu functiones duas, alteram V pareui 2n»“ ordinis, alteram U impa- 
rem (2 m-t- 1)** ordinis ita determinandas esse, ut sit : 

V + U =r (1 4 - *) A A 

V + UJ=(l + k.)CC. 

Jam dico, ai quidem ita functione* U , V determinentur , ut loco x posito -5- abeat 

U . 1 V ..... 

y==— in — = aequationes illas alteram ex altera sponte sequi. 
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Fonainus V=(J)(x i ) , U=xF(*’); videmus expressionem y = ^ ]oco x po- 


sito — abire in 

k t 


•(i) ■•■'(i) 


‘■'(ii) 

ubi x * m F (•jrr) > x 2m <J (^7 -; J sunt functiones integrae. Ouod ut aequale fiat expressioni 

— = -X- = — - , sequentes obtinere debeut aequationes: 

Xjr XU XxF(i’) ' ■ ‘ 

” (,,) = P ,,rar (ki) 

XF(,*) = P k. , ” ! »(J ? j. 

designante p (juantitatem Constantem. Ubi in his aequationibus rursus ponimus 
loco x nanciscimur: 

* > (k 5 T T ) = F ‘*' ) 

kF (^)=-p£7=-^«'-- 

Quibus cum prioribus comparatis aequationibus, obtinemus = -A-, unde 


P =V xk’ 


Hinc fit : 


♦m-.-ZTT^f (ii) 


quarum aequationum altera ex altera sequitur. 


Inni quoties expressio: 

V + U »(,») + , F(Q 

» + « t + « 

quadratum est functionis elementi x integrae rationalis, idem etiam valebit de alia, quae 
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ex illa derivatur ponendo loco x ac multiplicando per x ,m /* Xk*"' — 1 . 

v «f»u 

tinemus, siquidem ■ ^ — quadratum sit , functionem: 


Ouo feclo o!>- 


f xk*“ + * 


i+k* 

<f>(« , ) + XIF(» , ) _ V+XU 
~ 1+ki — l + k« ’ 

et ipsam quadratum fore. Q. D. E. 


Itaque eo revocatum est problema, ut expressio : 

L -r- 1,m+ ' v+u 

i+* »+« 

Quadratum reddatur , designante <f) (x') expressionem huiusmodit 

®C,*}=v=b+b'»*-t-b“ »• + ... + 

Fit autem , posito U = xF (x’) = x (a -4- a' x’ a" x‘ -+- ... -+- a' m ) x ,m ), cum sit 



lam ad exempla delabiuiur. 
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PROPONITUR TRANSFORMATIO TERTII ORDINIS. 


13 . 

Sitm=l, qui est casui simplicissimus , V= 1 -+-!>' x J , U=x(a-4-a'x J ). Posito 
A=(t.- 4 -*x), eruimus: 

AA=(I+«»)’=l+t««+«*» , > unde : 

V + U = (l + , AA = l+(t + *«)* + «(*+«)•’+«’ '*■ 

Hinc fit: 

Aequationes X §• 1 2 in sequentes abeunt : 



unde obtinemus: 


, . «<*+«) . vv . *f i*. 

/u /T V A 


Ponatur •/k = u, «/*=♦, «*■=-, H-g.--^!±L, ,(g u Hinc 

? e ' v 

aequatio : 

1 +**= l »(*+“) ^ -jj 

abit in sequentem: 

, v-f*u> _ u(*»+V) U 

v = »• ’ 

s j ve . ItM. A 

1) u‘— v*q-luv(l — u’»*)=0. a/ •■■""PJ 


Fit praeterea: 


» = <!+*«) = 


.* + *■* 


b-=« ( t + .)=u>(liii^= vu ’ (T +*“' ) - 


Hinc obtinemus: 


*) y = 


(vf£B')T*^.U* I 1 

VT+** «*(▼ + *«**)** * 


4 
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Praeterea obtinemus, quia l-t-y = 


(l + ,)AA 


(l + ,)(v + u’x)» 

^ vv + v’u' (v + *u')«’ 

(l-s)(v -»’«)’ 

V v + v’ u’(t + * u‘) 1 * 


4) 1 — y — 


V I — y / 1 — X T — U*x 

r+7 = V i+«" »+»** 


6) /" l — jy = 


i 1-I«(v* — 


U" X r ) 


vv + y^u , (v+^u’jt , 

Porro loco x ponendo 77= -^7. ™m y al,ent * n 77= -jf > eruimus sequentium for- 

imilarum systema : 

, , , (t+u«.)ci+»T.y 

7) l + ' J ~ H-yu^v + lu’)!* 


g) 1 — **y = 

r 


9) 


(1 — u* ijfl-uvi) 1 
1 + vu* (v-|-2u J ) I* 

r 


1 — u*i I — 11 vi 


1-f-u vi 


IO] 


/ 1-t'y t 1 — u' 1 

V 1 ~V t+o** 

r 1 — u”x* (1 — u’ \'x') 

i) y i_ v 'y’= i +vn « (v+lu’)»’ 


14. 

Posito V-»-U=(l +x)AA, V-t-XU = (t k)CC, V— U = (l — x)BB, 

* WA KssJf? jU7»4uM& : , 

designante M quantitatem Constantem ; qnam ex unius eiusdem dignitatis Coetficientis com- 
paratione, in utraque expressione ABCD, V U -77- instituta , eruere licet. lani 

posito V = b-4-b'x , -4- etc., U=ax -+-a'x*-+- ftc. , in singulis expressionibus A, B, C, I), 

fit Constans y b", nnde in producto ex iis conflato hh; iu expressione autem \ — U -i — 

(Constantem fieri videmus ab; unde: 


M = ■ 
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, p. ■ x v + Ju' U (i V 4-u*j 

Hinc in exemplo nostro fit, quia b=l, a= - = : 


M = 


unde : 




v+tu' u(*T + u’} ■ 
(v + Ju>) di 


V (1- v’)(l vf (l — (l — u-»*) 

Moduli k, X, quos per aequationem quarti gradus a se invicem pendere vidimus §. 13. l), 
facile per eandem quantitatem a rationaliter exprimuntur. E formulis enim supra 
allatis: 


u' «(*+«) «(*+«) 

»= —i l + !« = ' — 


/iT 


sequitur: 


unde : 


. . ■(*+«) 
»= — : = — 7— s — • 

V 1 -t-*3C 


(* + ■) 


= k* 


1 + S« 

Fit insuper: M= > unde, posito y= sin T', x=siuT, aequatio: 


dx 


y'*l — j* l — *»j* m/~ !-»■ y l-k’>' 


in sequentem abit: 


ar 


dT 


/* + t-fS.-«*(* + «) •ioT’ 


sive in hanc: 


dT 


dT 


/* tl-t-*«)>C«.r , +(l — «)’(t+«).inr’ (L+*«)CoiT , +(l + «)’(t — «)»inT' 

ad quam ]>ervenitur substitutione facta: 


Sin r = 


(»+««) *inT atninT 1 


D 
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PROPONITUR TRANSFORMATIO QUINTI ORDINIS. 


15 . 


I.im ad exemplum, quod simplicitate proximum est, transeamus, in quo 
V = l + bV+b"«», U = «(« + »V + a'V). A = I + ai + /3«’. 

Eruimus: 
uude : 

Hinc nanciscimur: 

b'.= 2oc+20 + ««, b' = 0(2«+0) 
a=l*f2«, asf^aat^-Sai/}, i' = |3i3. 

Aequationes X §■ 12 fiunt: 


,= / T‘T r ’ *'=/ f b '* *'=/ f * 


Ex his sequitur: 


a' a* b' b' 

a a" b* 


sire, cum habeatur b'=(!a-|-/3)-»-(/8-+-««), a' = /3(l (0 

’ |a(t +**o-hh-««;| * 


*«+0 


unde : 


ga + 0+.- ^ - t^’ . = 0(1 + tm) + 
*«+p 


PU+*«) 
(0+««)’ 


0U+*«O 


Hinc facile sequitur: 

quod evolutum ac per a divisum abit in : 

<*'=20(l+«+0). 

Hanc aequationem his etiam duobus modis repraesentare licet : 

(« « + /3) (« _ * 0) = 0 (* _ «) (J + 2 «) 

(« « + /3)(2 - «) = (« _ 2 0) <2 « + 0) . 


m = 2, 
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unde sequitur: 

/ g-« 2« + ,3 

— ta) 0(t+t«)' 

His praeparatis, reliqua facile transiguntur. Invenimus enim , posito k = u*, 3i = v 4 : 

to + fi _ b" _ b’b' _ k _ V* 

<3 ( 1 g «) ia' aa' k H* ' 


unde etiam: 

2— « 

«_S;3 — ~ ' 

Est insuper /S = i/a"=^ i— = unde aequationes: 

v» / t— « 2«+fl 2— <« v’ 

u* “ 'a— 20/ ~ 0(1 + 2«) ’ «— 1/3 “ u 5 ” 

in sequentes abeunt: 

2*v + u*=uv 4 (I + 2«) 
u’(* — a) = v (a a — *u‘), 

sive: 


2« v(l — u\*)=:u(»s — U 4 ) 
«(»T + UU) = tu , (l + U , T), 


undp : 


(»’+ » , )(o* — t*) + 4uv(I + u’»)( 1 — u t’) = 0. 
l acta evolutione prodit : 

1) «f— v*+ 5 u’ v’ (ia' — v*) + 4u v(l — u* v 4 )=0 . 

Reliqua ita inveniuntur. Ex aequationibus : 

2«v(l — Bi’) = u(v» — u 4 ) 

« (a u + v «)= 2 u’ (1 + u’ ») , 

sequitur: 

u(t« — B>) 2 u J (t -f* u' v) 

2t{I— a»') u ’+v* 

Hinc Iit: 


, = l + 2«=-L(-Ll^-\ 

a+f«=— 

V V 1 — u v’ / 


D 2 
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tu» tu* / Vi — u 4 

« — */3 = a = I — , , — I 

V V V u^v* / 

•— "(-S5-) 


*»+fl = 


(«-»p)(g« + 3) 

£ — * 




u(u*-f- v*)(v — u 4 ) 
i_uv» 


Hinc tandem deducitur: 

b* SS (i -+■ 2 * -f* * <X + /3 S5 

u 1 / V — u 4 \ 

1 / V— u* \ 

* = ~\ 1-nv’ ) 


Jam cum ait M = — = v ^ 1 _ n Y ( ^ , transformatio (juiuti ordinis continebitur theore- 
mate sequente: 

THEOREMA. 


Posito : 


fit: 


i) u" — v* 4“ ^ u* v' (u* — y *) *+- 4 u v (l — u* v*) = 0 

v (v — u*) * 4“ u* (u* 4“ v *) ( v u») *’ 4" u '° (1 — u yl ) »* 

^ ^ v # (l — u v*)4"U^"( u, 4*0(v — u‘)t , 4*“* ,,, ( , < r -“ u ') m * 


v(l — uv*)dy 


(t — u 4 ) A * 


_ ,> 1 — i’ f 1 — u' •’ 
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QUOMODO TRANSFORMATIONE BIS ADHIBITA PERVENITUR 
^ AD MULTIPLICATIONEM. 

16 . 


Inspicientem aequationes inter u et v, duobus exemplis propositis inventas: 

_ u*-^\*-4-Juv(l — o’v’) = 0 

u‘— v"q-5u' »'(u’ — t")4-4ut(I — u' v*) = 0. 

^ V 

fugere non potest, immutatas eas manere, ubijr locojt, loco u autem — r ponitur. Hinc 
e theoremate exemplo primo invento , videlicet posito : 

u* — v*+iuv(t — u , v’) = 0 
▼ (v -f- $ u 1 ) X •+• U* ** 


1 T*+V , «’(t + *u>),’ ’ 


fieri: 


v+!u’ 


1 — y* / 1 — v' y* T /l — ** ^1 — u"i* 

alterum slatim derivatur hoc, posito: 


fieri : 


d l 


u (a — 8 v’) y + t* y' 
u , -+-n , T , (u — 8v*)y* * 


u — i? 1 


f 1 — r* f I— u" *■ u y^l — p ^ i— .v*y* 

Iam vero est: 

j ^ u-2t> | _ 8(u« — y*)-fo ¥(1-^*0 __ 3 


unde sequitur: 


d i 


— Sd * 


f i — ** t — ““** f i— * # / 1 — u*»’ 

Ut loco — 3 eruatur - 4 - 8 , sive z in — z, sive x in — x mutari debet. 


Simili modo e theoremate, exemplo secundo proposito, alterum deducitur, vide- 
licet posito: 


°(“+T*?T+ T Hu'+T’)(B+if 1 )y , +» l,l (l+u , ')y > 
u*(i-4-u* ( u +**)y* 


t 
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lam cum sequatur ex aequatione : 

u* — T*-f-5u’ v*(u* — — u*s 4 ) = 0, 

(u + V ! )(V— U*) _ U r (1 — u*V*J — fu" — 

„r(l + »-T.(l_»v>) _ »*(1 + »’»)(1- “»’) 


fieri videmus: 

a d > 

f 1 — »’ f 1 — u*»’ 



lia transformatione liis adhibita pervenitur ad. Multiplicationem. 




Haec duo exempla, vi z. transformationes tertii et quinti ordinis, inm prius in lit- 
teris exhibui, tjuas mense lunio ». t827 ad Cl. Schumacher dedi. V. Nova Astron. 1. I. 
Nec non ibidem methodi, qua eruta sunt, generalitatem praedicabam. Alterum biennio 
ante iam n CI. Legendre inventum erat. 


DE NOTATIONE NOVA PUNCTIONUM ELLIT TIC ARUM. 

17 . 

Missis factis quaestionibus algebraicis accuratius inquiramus in naturam nnal\ ti- 
cam fuuctionum nostrarum. Antea autem notationis modum, cuius iu sequentibus usus 
erit, indicemus necesse est. K 

r ' P 

Posito / — _ ■ — = u. angulum <p amplitudinem functionis u vocare Geome- 

f v 1 — k’»in 

« 

trae consueverunt. Hunc igitur anguluni in sequentibus denotabimus per: ampl. u seu 

brevius per: 


$=ant.u. 


Ita , ubi 


i / ■ — -■ =», 

J / 1_*« V I — k’! 1 


erit : 


x =sin .am . u. 
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Insuper posito: 


» J 

/ ** /‘ 1 di 


. = K., 


vocabimus K — u Complementum functionis u ; Complementi amplitudinem designabimus 
per eoam , ita ut sit : i 

am (K — u) = eoam . o. 

d.amu 


Expressionem — sin 


du 


-, duce Cl. Legendre , denotabimus per 


i»mu= 1 — k’ 


i io im u . 

Complementum, quod vocatur a Cl. Legeudre, Moduli k designatio per k', ita ut sit: 
kk+k'k’=l. 

Porro e notatione nostra erit: 


K '= f' r .-i£_ 

J t^kkiiap’ 


Modulus, qui subintelligi debet, ubi opus erit, sive uucis inclusus addetur , sive i u mar- 
gine adiicietur. Modulo uon addito, in sequentibus eundem ubique Modulum k sub- 
intelligas. 

Ipsas expressiones sin am u , sm eoam u, cos am . u, cos eoam u, A ani u, A eoam u, 
cet. ac geueraliter functione* trigonometrica* amplitudini* , in sequentibus Functionum El- 
lipticarum nomine insignire convenit; ita ut ei nomini aliam quandam tribuamus notio- 
nem atque hacteuus factum est ab Analystis. Ipsam u dicemus Argumentum Functioni * 
Ellipticae, ita ut posito x = sin am u, u= Arg.sin am x. F. notatione proposita erit: 


ud eoam u 


eos eoam o 


& eoam a 



A am u 


k' sin am u 


A am u 


k' 


A am u 


1 


k' if am u 


k' 


cotg an u 
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FORMULAE IN ANALYSI FUNCTIONUM ELLIPTICARUM 
FUNDAMENTALES. 


18 . 


f 


Ponamus am . u = a , am.v = b, am(u+v)=u, am.(u — v)=$, nolae sunt 
formulae pro additione et subtractione Functionum Ellipticarum fundamentales: 


■in a cos b A b -f- *in b cos a A a 
H-k 1 sin a’ sin b’ 
cos a cos b — sin a sin b A a A b 
1 — k 9 sin a* sin b* 

AaAh — k 9 sinasinhcosacosb 
1 — k , iina*sinb* 
sio a cos h A b — sin b cos a A a 
1 — k* sin a 3 sin b 1 


. cos a eos b*4- sin a sin b A a Ab 

cos b = -■ — ! 

1 — k 9 *ina 9 sinb 9 

^ ^ _ Aa Ab-f-k 9 sinasinbeos acotb 
1 — k* sin a’ sin b* 


cos • a = 
A <r = ■ 
>in b — ■ 


. i . 

Ut in promtu sint omnin, quorum in posterum usus erit, aduotemus adhuc formu- 
las sequentes, quae facile demonstrantur, et quarum facile augetur numerus: 


t) 

*> 

S) 
*) 

5 ) 

«) 

T) 
8) 
9) 


>io 9 «+■ do 5 = 
cos <r -f- cos b =3 
A <r + A b = 
sin c — sio b = 
cos . b — cos <r = 
A b — A <r = 
sin 9 . sin b = 
1 k* sin 9 . sin ^ — 
1 4* sin 9 . sin 5 = 


2 . sin a Cos b A b 
1 — k* sin a 1 sin b* 

S cos a . cos b 
1 — k 9 sin a 9 sin b 9 

IAi. Ab 

l — k* sin a’ sin b' 

2 sin b cosaAa 
1 — k* sin a* sin b 9 
2 sin a sin b Aa Ab 
1 — k 1 sina 1 . sin b* 

2 k 9 sin a . sin b cos a . cos b 
1 — k* sin a* sin b* 
sina* — sin b* 

1 — k* sin a 9 sin b* 
Ab a -f"k 9 sina 9 , cos b 9 
1 _ k* . sin a 1 sin b* 
cos b* -4- sin a 9 A b 9 
l — k 9 sip a 9 sin b 9 
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10) I -f- COI 9 . cos 3 = 


cos a*«f co» b 9 
1 — k**in a’ «in b* 


11 ) 

12) 

15) 

14) 

15) 

lfi) 

17 ) 

18) 

19) 

20 ) 
21 ) 


22 ; 


28; 

2 t) 

25 ) 

26) 


27 ) 


28 ) 


29;. 


1 + A «r . A 3 = 

1 — k* >in<rsin3 = 
1 — Aiu u sin 3 = 

1 — CO* 9 COS . 5 = 


A»*+Ab 9 
1 — k**in a 3 «in b* 

A a’ *+* k’ *in b* co« a* 

1 — k’ «in i' sin b* 

cos a* + b* A a 5 
1 — k’ sina 9 »iu b 9 

«ina 9 Ab 9 4-»nb a Aa t 
1 — k T sina 9 sin b a 


k* (sin a*cosb 9 -f-siiib 9 cos* 9 ; 
1 — k 9 sina* sin b 9 


1 — A 9 A 3 = 

(1 ± *in 9 ) (1 Jt sin 3; = 
(l Jt *in (f) (1 ^ sin 3 ; = 
(I ± k tin <rXl i k sin 3) = 
(1 ±ksin<rXl^k«in3) = 
(1 ± co* 9 ) (1 i cos 3) = 
(1±cost) (1 ^ cos 3) = 
(1 ± ^ <r) (1 ± A 3) = 

(1 ± A 9 ) (1 ?A5) 

sin 9 cos 3 = 
sin 3 cos 9 = 
sin 9 A 3 = 
sin 3 A 9 — 
co» r A 3 = 
cos 3 A v = 


(cosb Jt >in a A b}* 

1 — k* «in» 9 sin b* 

(cos a i sin b A a) 9 
1 — k 9 sina 9 sin b* 

(A b ± k sin a cos b) 9 
1 — k* sin a* sin b 9 

(A a i k sin b cos a) 9 
1 — k* sin a 9 sin b 9 

(cos a ^ cos b/ 1 
1 — k 9 sin » : sin b* 

(sin a A b ^ sin b A t*j 9 
1 — k* sin a* sin b* 

(Aa + Ab ) 1 
1 — k* sin a* f in b* 

k*sin 9 (a Jf b) 

1 — k* sin a* sin b* 


sin a co» a A b -f* sin b cos b A .• 

1 — k 1 sina 9 sin b* 

sin a cos a A b — sin b cos b A • 

1 — k’ siti a’ sin b* 
co» b sin a A a -f- cos a sin b A b 
1 — k*sin a 1 sin b 9 
oos b sin a A a — cos a sin b A b 
l — k : sina* siti h 9 
cos a cos b A a A b — k’ k f sin a *in h 
1 — k 1 sin a 9 sia b* 
cos a cos bAaAb-t»k'k *io a sin b 
1 — k 9 *iu a 9 »inb 9 


K 
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SO) (, + ») = 


31) sin (* — 3) = 


3 2) cos (<r -f- 3) : 


53) cos (i r — 3) = 


2 sini» . cos liAii 
1 — k* sin a’ sin b* 

co* a 1 — sin a' Ab’ 

1— *k* b 1 

cos b’ — sin b* A a* 
1 — k* sin a* sin b 1 


I)E IMAGINARIIS FUNCTIONUM ELL1FTIC Att UJI VAhOHIBUS. 
PRINCIPIUM DUPLICIS PERIODI. 


Ponamus siu $ = i tg \p , ubi i loco |/ — I positum est more plerisijuc Geometris 
usitato, erit cos <E = sec \£ = — *— , unde dfl= . Hinc fit: 

’ COI V 1 COI 4* 

a<f> i d4* id 4 * 

1 — k’ sin co» + k’ lia 4’ f 1 — k' k' tin 4/ 1 

Ouam e notatione nostra in hanc abire videmus aetjuatiouem : 

1) sin am i u = i tang am (u , k'). 


Hinc setjuitur: 


2) eoi am (i u, k) = sec am (u, k') 

8) tang am (i u , k) = i sin am (u , k'; 

A /! .. L, _ £»“>(*■. P) 


4) A am (i u , k) = 


5) sin eoam (i u, k) = 


Cosam (u, k') sin eoam (u, k') 


Aam(u, k') 


6) cos eoam (i u , k) = i cos eoam (of, k') 
k 


7) tg eoam (i u, k) = — -r- 

k sin am (u , k) 

8) A eoam (i u , k) =s= k' sin eoam (u , k')- 

Aliud, tpiod hinc fluit, formularum systema hoc est: 

9) sin am 2 i K' =0 

10) sin am i K' s= oc , vel si placet i i 30 • 
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»in am (u + 2 i K‘) = -f »in atn u 
cos am (u-f-2 iK'j = — eo» am u 
A ani (u «f> 2 i K'j ss — A am u 


«*) 

sin am (u «f i K') = 

1 

k sin am u 

15) 

co» am (u 4 - i K'; = 

— iAamu — a k' 

k sin am u k cos eoam u 

16) 

tg am (u 4- i K') = 

+ » 

u» am u 

17) 

A am (u + » K j = 

— i colg am u 

18) 

»in eoam (u4~ i K'; = 

& am 11 1 ^ 

kcosainu k sin eoam u 

19) 

coico3tn(u4iK') = 

4-k'i 

k cos am u 

ao) 

tg eoam (u 4* i K'; s= 

— - — & am u 
k 

*D 

A eoam (u 4 - i K*) = 

4“ » k tg am u . 

formulis 

praecellentibus, 

quae et ipsae tamquam fundamentales iu Analysi fun 


clionum ■ellij)! Jt.arnni considerari debeut , elucet: 

a. functiones ellipticas argumenti imaginarii iv, Moduli k transformari posse 
in alias argumenti rea lis v, Moduli k'=/urtT; unde generaliter funcliu- 

, ne * ellipticas argumenti imaginarii u+iv, Moduli k, componere licet e 

functionibus ellipticis argumenti u, Moduli k et aliis argumenti v Mo- 
duli k'; 

b. functiones ellipticas duplici gaudere periodo, altera reali, altera imagina- 
ria, siquidem Modulus k est realis. Utraque fit imaginaria, ubi Modulus 
e» ipse est imaginarias. Quod Principium Duplici» Periodi nuncupabimus. 
Equo, cum universam, quae fingi potest, amplectatur Periodicilalem Ana- 
lylicam, elacct, functiones ellipticas non aliis adnunn rari debere transcen- 
dentibus, quae quibusdam gaudent elegantiis, fortasse pluribus illas aut ma- 
ioribus, sed speciem quaiidnin iis inesse pcafecli et absoluti. 


E 2 
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THEOK1A ANALYTICA TRANSFORMATIONIS FUNCTIONUM 

ELLIPTICARUM. 

20 . 

Vidimus in antecedentibus, quoties functiones elementi x rationales integras A , IS, 
(i, 1), U, V ita determinentur, ut sit: 

v + U = (t+.),\A 
v — Us=(t— *)UI 1 

„ V+».U = (l + li*)CC 

V — AUs=(I — k.)I)i>, 

Ui f 

posito y =— lore: 

dy ds 

y r i — j' J~ l — X’f M y l — <’ V l — •' 

designante M quantitatem Constantem. lam expressiones illarum functionum aualyticas 
generales proponamus. 


Sit n numerus impar quilibet, sint ni, m' numeri integri quilibet positivi seu ne- 
gativi, qui tamen factorem communem non habeant, qui et ipse numerum n metitur: 
ponamus 

m K + m* i K* 


fit: 


^ M (* *iu*am4« ) ( siiramSw ) 

V = ^ l— k’ sin 3 a«n 4 • . i x j ^1 — k J sin' ani 8 «■ . i xj . 

( * sin eoam 4 « J lin eoam 8 «u } 

(* sin coant 4 » i ^ sincoain8« ) 

C = (l + k sin eoam 4 m . * )(' + ! »in eoam 8 ». *) . 

U sx ^1 — k ain eoam 4 m . x j — k sin eoam 8« . xj 


( sin' amt(n — 1)« 1 

. . ^1 — k*sin 5 aui 2(n— 1) « . » * J 


i + — 


sin eoam 2 


«(o-l)- ) 


.. (l 1 ) 

■ - kiinco)tu2(n—l)«.i| 
. . — k siu eoam 2 (n — 1) *> - * j 
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>. = k U |sin cuam 4 n» . sin eoam 8 « . . • • sin eoam 2 (n — I)**} 4 

coa»n4«*sincoani8w ...» tiucoantS n— 1}«| 9 
M = ( b | s in am 4 w sin am am 2(n — 1 )•/ 

Ouibu» positis, ubix=sinamu, fit y = Y=sinam , Xj. 

# 

Antequam ipsam aggrediamur formularum demonstrationem , earum transformatio- 
nem quondam indicabimus. Oucm iu fiucm stquenlcsi adnotaiuus formulas, quae statim 
e formulis §. t8. decurrunt: 


J) sin ani (u + a) sin am (u — a) = — ^ 


sin aniu-— sin ama 


un am u sin aui a 


( sin aiu u \* 
sin eoam « / 


*) 

5) 


cos 9 am a 

1 — k sin 1 am n sin 3 am a 

(1 — sinam (a-f-*)) ( 1 — sin am (u — a)) 

/ sinainu \* 

\ sin eoam a/ 

cos 1 ama 

1 — k' sin 3 am u sin 3 ama 

(l^ksinatnfa + a)) (iq- k sinam(u — a)) 

^1 k sin am u sin eoam a) 

A* amat 

1 — k 1 sintam u sin 2 am a 

(l — kuDam(u*fot)) (l — k sinam (u — a)) 

— k sin am u mi» eoam «) 


A’ am « 

E quibus formulis etiam sequitur: 


1 — 


6) 

7) 


siu ] coauia 


cos 3 am a 

1 — k 1 sin 1 un u sin 3 am a 

A am (uq-a)Aam(u — a) 

1 — k 3 sin 1 am tt sin : eoam a 

A 3 ama 

1 — k' sin 1 am nsin 1 am* 

: = sin am u , nanciscimur e formula 1 ) : 

xa 


i ■ i 

am am a 

— siuam(uq*a)»inam(u — a) 


i * 1 — k' sin' ama is sin* ama 

e formulis 2), 3): 

( l± .mcMiii. ) (i* tin.ro (u + °p) ( 1 ± tin.m tu - »)) 


v \ 


1 — k 1 s 1 sin* ain a 
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e lormuli.s 4), 5): *j 

^tkiiincoana) 1 (1 ± k »in am (u + *)) (l:fc ksinamtu — «)) 


1 — k* x*sin* ama 


kV ain et 


Hinc ubi loco a successive ponitur 4», 8», ...2(n — 1)«, loco — a nutem 4 ii u — <*, 
obtinemus : 

— (t ^ ) (i — ■** ~ ) 

M V «n**m4ui/ * sin’ am8* / V sin 1 am 2(n — 1)« / 


U 

8 ) — = 

' ^1 — k’x* >in*arn 4«) £1 — k’ i a *in’ imK*] .... (1 — k 1 i , iin } aiu2(o — 1)*») 




sin am u . sinam (u+4«) sin am (u-f-8 •*) sinam (u+4 (n^- 1) *») 




s 


sin eoam 4 «u sin eoam 8 m .... sin eoam 




9) 


fl + «)AA 


(l + «)f/l + — - - ) (l + — : 1— ). flH ) J 

' ' iincoani4* / \ smcoani8« / \ sin eoam 2 (n — 1) •/ \ 


10 ) 


II) 


12 ) 


^ (l — k a x s sin*ani4*>) (1 — k 3 x**in’ani 8«) . .. . (1 — k’* sin 9 ain 2 (n — 1)«) 

^1 sin am u )(■+ sinam (u-f-4“ ))(.+ sinam 1 -f- sinam (u + 4 (d_I)-)) 

jcO* am 4 m . cos am 8 m . . . cos aui 2 (n — I)»!* 

(I — *)BB sin eoam 4 tu ){ sin eoam 8« ) ( sin eoam 2 (n — - i) u> )j 

' r . *„ (I — k* x , »in , am4 «) ^1 — k 9 x*»iu 9 acn8«») .. . . (l — k J x 3 sinam2(n — 1)«) 

^1 — sin am u j |^1 — sin ain (« -f 4 «•) j |^1 — sin am (n+8 •) j . . . . ^1 — sin am (u+4 (n— !)« ) j 
|cos am 4«. eosamS « .... cosam2(n— ■ 1)«J’ 

(1 -f-k x)CG (l + kx) |(l -f“k x sin eoam 4«) (l -f- kxsin eoam 8 o») . . , . (l k x sin eoam 2(n — 1)«)| > 

' (1 — k*»* ani4«) (l — k J x a sin 3 im8uij . ... (i — k** 9 atn* am £ (n — !)«•) 

(l+k sin am u )(t+i sinam (o+4«))(l-(-k sin am (u-f-8 sin am (u-f-4 (n — I) j 

|Aam4« Aam8« . .. Aam2(n — l)aj* . 

(l_kx)DD _ (1 — fci){(l — k x sin eoam 4 *u) ^1 — k x sin eoam 8 o»^ .... ^1 — kx sin eoam 2(n— 1) «^J 1 
V (1 — k 9 x’ aio* amis») (1 — k*s 3 sin , am 8s») . . . . (I — k*x 2 sin 5 am 2(n — !)•) 

1 1— k sin am iijj 1 — k sin am (u-f-4 «u) jj 1 — k sinam 1— ksin am 

| A am 4 m Aa m8 m ... A ani JJ «!' 
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Hinc etiam .sequuntur formulae : 


I •' 


IS) 


V l 


. L _ 11 \/ t _ «» i ' y L _ «. ' ■ j 

y 1 — AB r\ l , fin* cuam 4 » " sitt ? coam8«/ ' sin 2 eoam 2(n — 1)« / 

— i — i.-*-, — — j— — i - — - — 

^1— — k? * J **n 3 aui 8«^ . . , f 1 — k , x i sin 1 ani 2(n — 1) tu) 

t ‘-•'it' > ,.ui h I V .4 t 

cos amu. cos ani (u +4.) cosatn (u + 8.) . • . . cos am (u+4(n_l).) 

^cos ani 4 ■ . coi am 8 w .... cos sui S (a — 1) .J 1 


14) 


v'1-lVXU 


v'l — k-s 


(l-k : sin 1 eoam 4 « )( 1 .1 ** sin 3 eoam 8 m) (1-k 3 * 1 sio' coaniS (u-1) 


(1- k* x* sin 3 ani 4«) ^1 - k 7 x , *in ? am 8«) . ... (1 - k*x ? sin* an» 2(n- 1) tu) 
il ani ii il am -f>4 m) Aam (u -f-8 u*) . . . , Aam (u -+»4(n — 1) «■) 


|^am4»A iLlilS. .... ^amif (n — 1) u.j‘ 


DEMONSTRATIO FORMULARUM AN ALYTICARU.M PRO 
TRANSFORMATIONE. 


21 . 


Iam demonstremus 

\u\ 


posito : 


n >{.* «s\ T ^ \ » U* 

_ ^ ^ •( sin cftam 4 . ) ( »inco.m8«i) ( siocoain£(n — l)«)l 

(l — k 3 a’ ain J am4.) (1 — k** 3 sin 3 «m 8 os) . . .. (1 — k 3 i*sin 3 .niS(n — 1).) 

1 1 — «in am — sin ani (u +*-))( 1 — sin am (u -f- ti o»)^ .... |l — sinam (u -p4 (n — I) J 
|cosain4a . cosam 8 m . cos am 12« . ... COSMI S(n — l)*»!* 

et reliquas erui formulas, et hanc: 


1 — y* /'l — AV M/* 1 — ** |/'l - k 2 


siquidem : 


A. = k |sin eoam 4 w .«in eoam 8 » .... sin eoam 2 (n-— l)u»j 

f sin eoam 4 « . sin eoam 8 m ..... sin eoam 2 (n — I) «V 

{ -I j M= —j • < 7- > 

V J l*»n am 4 « . sin am 8 m ... sin am 2 (n — 1) aj 

K formula proposita apparet, minime mutari y , quoties u abit iu u-4-4o». Tum 
quivis factor in «ubsequentem abit, ultimus vero iu primum. Unde generaliter y 


enim 
non mu- 
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i*tur, siquidem loco u ponatur u-t- 4 p», designante p numerum integrum positivum a. 
negativum. I I * i vero u = 0, fit: 

(l— linam 4«) (l — .in » 111 8 -)... (l — »inami(ii — 1)«) 

^caiitn4«.coi»ni8« ... co»ani t£u — I) 

sive j =0. facile euim patet, fore: 

— sinam 4 (n — l)»= 4**iu ant4« 

— — «in am 4 (n — f) •» = sm »•* 8 • » 

unde: 

— »iu im 4 ») (1 — »in ani 4 (n — J} ») = co» ! ani 4 • 

( 1 — »in am 8«) (1 — »i« an > 4 (■>—*) ») *= eoa* ani 8 m 

^1 — »inaini(n — J)»)(l — «in am*(n + l) •} = »»' aml(n — I)». 

Inru quiay = 0, quotiesu = 0, neque mutatur y, ul»i loco u ponitur u - 4 - 4 p«», generaliter 

evanescit y, quoties u valores induit: 

0. 4«, 8«. .. 4{n — fj», 4(n — 1)«. 

quibus respondent vnlores quantitatis x = sin am^: /»w tt ' 

0, sinan»4», iin tmS«, ,..*inani4(n — 2)», »iuam4(n — !)•*, 


quos ita etiam exhibere licet: 


0, £ tinam 4«, iiin»m8«», 

• £ sinam 2 {n — 

sive etiam hunc in modum: 


0, £-*inam2p», jt sinam 4», . 

• * j- sin ani (n — l) «u . 


Oui valores elementi x, quos evanescente y induere potest , omnes iuter se diversi erunt, 
eorumque numerus erit =n. lam ex aequatioue iuter x ct y supposita, e qua profecti su- 
mus, ducet, positis: 

V — — k’ a* »io : ani4 (1 — k , a , »in 3 am 8 n) . . (l — k 1 i 1 iin , am!(o — lj») 

— ^1 — k*a ? sin J amSai) (l — k , a 3 »in' am4 (l — k* a' »tn*am(n — lt<») . 

.. ii f, er i U functionem elementi x rationalem integram n“ ordin». Qoae cum simul 

* — v » 

cum y evanescat pro valoribns quantitatis x numero u et inter se diversis sequentibus: 

o, i «ii am 2«, £ sinam 4« ■ . .. i sinamfn — !)•> 
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necessario formam induit: 


U = —(i — — Wi — — — : " ) 

M \ aio 1 amt«/ \ Sla’aai4a/ \ hb am (n — 

= JL/t ** ) / 1 — — — 

M\ iin'in4>/l »in'aiu8»/ V »in’«m t(n — 1)«/ 

designante M Constantem. Cum posito x = t, fiat 1 — y = 0, y = t, obtinemus ex 

.. U 

aequatione y =-y- : 

( lio 1 sin* ani 4 *t) ( «n s am (n — 

_ M(t — k’ . in* am i. )(l_k’»in’.ni ♦«)....(! — k* un* ani (n — «)■) 

a — 1 

( — I) * |sin coimt «■ lio eoam 4 m . .. . «incoani (n — 1) »| 

M (»n ani 2 m . «in «m 4 » .... sin am (a — I) «| 


( — > 1) * | sin eoam 2». «in eoam 4 a» . .... «m eoam (a — 1) m j 

M ' V, * 

Isin «stl«. «in »m 4 m ... «in am (n — 1) «I 

t 

Inter functiones U, V memorabilis intercedit correlatio, illam dico supra memo- 
ratam, cuius beneficio fit, nt posito loco x simul y in ~ abeat, designante X Con- 


Posito enim r^- loco x abit: 

ks 


^ M itn 1 am *« ) f' ' (* «o*am(n— 1)«) 

in hanc expressionem: 

v l 

M* n lt n («inaml*i.»in»tn 4*» *»o»m(n— !)*•) 

Contra vero eadem substitutione facta, 

V ss (| — k 9 **»in*am2«) (l — k* **«in t »«n 4 (t — k 9 «* sin* an» (» — I)») 

iu hnne expressionem obit: 

( — 1) ! — — . M |»in am 2« . «in am 4 m . • . . «in >m(o — 1)«| • 
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Unde loco x posito—, y=-^-abit in: 

_v t 

U MM.t n jiin am 2*».aiaaiu4 n ... sin ain (b — 1)«J* 

sive y in siquidem ponitur: 

X = M M k n |aio im 2«. ainam 4 a» .... sinam(n — l)sij* 

= k n | >in eoam 2 m . sin eoam 4 ■ .... sin eoam (n — 1) j * 

Id quod demonstrandum erat. 


Ex aequatione proposita : 


i — y — (1 — ») - 


{( sin eoam 4 m ) ( sin eoam 8 a. ) (* sincuaus((n — 1)» )l 


(t — l’ a’ sin’ ani 4 «) ( 1 — k’ x’ sin' am 8 os) . . . . ( t — k* i' sin* alii 2 (n — t ) «) 


posito loco x , y^- loco y, quod ex antecedentibus licet, eruimus : 

. t a 

|(t— * Is a sin eoam 4 is) (l — kx sin eoam 8 , . . . ^1 — kxsincoam2(n— l)w)| , 


_L _ i = 1 - fc -‘ 

Xy XU 


XU 


quod ductum in Xy = -y~, praebet: 

» 

i — k x «n coatn 4 #•) ( 1 — L t »i n co a m 8 m ) . . . ( 1 — k x *in eoam t (n — 1 ) «i ) 

1— Xy = (1 — k») ii — - - i l-LL. 

(iterum patet, y abire in — y , ubi x in — x mutatur, quo facto igitur statim etiam 
1 -t-y , 1-4-Xyex 1 — y, 1 — Xy obtinemus. 


lam igitur eiusmodi invenimus functiones elementi x rationales integras U , V, 

ut sit: 

V + U=V{l+r)=(l + .)AA 

V _ U = V (1 — y) = (I — x) BB 

V + XU = V(l + Xy) = (t + kx) CC 

• V —XU = V (l_Xy)= (t-kx) DD, 

designantibus A, B, C, D et ipsis functiones elementi x rationales integras. Hinc autem 
secundum Principia Transformationis initio stabilita statim sequitor: 

dy dx 

/l — y' 1— X'y* M -f t — x’ 1— kV 
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Multiplicatorem M, quem vocabimus, ex observatione §.15 facta obtiueuius. Uuile 
iam omnes formulae aualylicae generales, quae theoriam transformationis functionum el- 
lipticarum concernunt, demonstratae snnt. 


22 . 

Demoustralio proposita ex ea, quam dedimus in Novis Astronomicis a Cl. Schu- 
machor editis No. 127, eruitur, ubi ponitur w loco — alii* omnibus immutatis manenti- 
bus. Ipsum theorema analyticum generale de Transformatione sub forma paulo alia iam 
prius ibidem No. 123 cum Analystis commuuica veram. Demonstrationem Cl. Legendrv, 
summus in hac doctrina arbiter, ibidem No. ISO benigne et praeclare recensere voluit. 
Observat ibi Vir mullis nominibus venerandus, aequationem: 

„ dU lr dv ABCt) T 
d« — di = M ~ m" ' 

cuius beneficio demonstratio conficitur, et quae nobis e principiis transformationis mere 
algebraicis sequebatur, etiam sine illis analytice prolwiri posse. Quod cum ex ipsa Viri 
Clarissimi sententia egregiam theoremati nostro lucem affundat, praecutite ilio, paucis hunc 
in modum demonstremus. 


Aequationem propositam : 

„ dU dV ABCD T 

u. ~ v it m = "m 


ita quoque exhibere licet: 

dL dV dlo*U dlogV ABCD T 

Udi — V d i — d« di — MOV — MU V 

Invenimus autem: 


M ( *io’ am 1 « )( *in s «ti%*» ) ( »in*im(n — 1)» ) 

V' = (l — k*x , «in’am 4«*) . . . (l — k* * 7 *in ? «D(o — !)•) , 


unde : 


d Inp; U 
d ■ 


dloy V 

dx 


i. + V 1 —li 

x ' I »in*am f q • — u 


2 k* * sin* am £ q « j 

i — k J x*jHn* <im 2q «** ) ’ 

F 2 
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numero q in summa designata tributis vnlurilius 1 , 2 , S , • . . , ‘ ■ - . Porro inveuimus : 

AB = (l- . , ** Ut — — — - ; —)• •(»- T-; *7 rr) 

V *lll' eoam l M/ \ i» coibiiw/ \ MU cwm(n — I)»/ 


C D — (l — k*i’ iin* eoam tu)(l — k* a* ain* eoam 4 w) . . . . ( 1 — k* 1* iio' eoam (n — l)a) t 


unde : 


M UV 


ABCD 

MUV 


» 11 (* ~ ifo - ^VmYp T) 

'’ n ( i - ■■■,r 8P aj ^ >n,tpM J 


siquidem in productis brevitatis causa praefixo signo n denotatu elemento p valores tri- 
buuntur 1, 2, S, . . 1 . Hanc expressionem in fractiones simplices discerpere 

licet, ito ut formam iuduat: 


a 


»<41 


JL ac* ( A '” * tl "» j 

a I .in* am 2 q u< — xa 1 — k T a’ UD*am 2 q tu / ’ 

quo facto ut evictum habeamus, quod propositum est, demonstrari debet, fore: 




Denotabimus ia sequentibus praefixo signo n’ 4 * productum ita formatum , ut ele- 
mento p valores tribuantur 1, 2, S, . . , omisso tamen valorcp=q. Hinc e 

praeceptis fractionum simplicium theoriae abunde notis sequitur: 


l — 


i 2q « 


.<41 


-( 


1 — k 9 mu’ am ?<]w, sin* eoam ( 4 




__ / »in* eoam 2 p at k 

1 — k* sin 9 ani 2 < 1 « .«incani 2p» ' 


1 




sin* am 2 p w 


am .sin 1 eoam 


*F"> ) 


iam e formulis supra a nobis exhibitis fit: 


^ sin’ani2qoa 

sin 9 eoam 2 1»« 

1 — k 9 sin*am 2 q ai sin 9 ant 2p tu 

j sin 9 am2qai 

»in*am 2p«u 

1 — k*»n*atn 2q<u.»in 1 eoam 2 p w 


coi am (2 q -f- 2 p) <0 . eos am (2q — 2p) »j 
coi’amSpw 

eos eoam (2p-f-tq) ta . cos eoam (tp — 2 q) w 
cos 9 eoam 2 p u 
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Facile autem patet, sublati* qui iu deuomipatorc et numeratore iideiu inveuiuutur lacto- 
ribus, fieri: 


n 


cos am (2 (| -f- 2 p) tu co* «n (2 q — 2 p) a> 


±1 


cos* am 2p« 

j-j{q) co» eoam (2 q 2 p) *» £<>• eoam (2 p — £ q) m 

unde: 


co» Aid 2q * 

7 2 co»’ eoam 2qu ^ cos eoam 2 q a 


ca. *’ eoam 2 p et 


cos eoam 2 q tu co» eoam 4 q a» co» eoam 4 q tu 

' 1 i . i > * ' ‘ . . 


A (q) — (1 — k 1 sin* am 2 q a> sin* eoam 2 q at) co» coa m 4 q u> 

\ = a — m III. 

co» am Zqw co» eoam Z q tu 


At e nota de duplicatione formula fit: 


cos eoam 4q« = 


2 k' sio am 2 q at cos am 2 q at A am 2 q ut 

1 — 2 k’ »in’ aiii2qw*f k’ sin 4 a u» 2 q tu 

2 k' sin am 2qo co» am 2qo^ am 2 q u 


A’am2qa> — k’ sin’ am 2q u co»’ant 2 q at 
2 co» am 2 q m eo» eoam 2 q m 
1 — k*»in’aBt2q td»in’coant2q«u * 

uude tandem, quod demonstrandum erat, A (1> = — 2. Prorsus simili modo alteram aequa- 
tionem: B <,1 = 2 k J sin 1 am2q«* probare licet j quod tameu, iam invento A w = — 2, fa- 

I 

cilius ita fit. 

Facile patet, loco x pqfilo non mutari expressionem: 


n 


/i — — ) / 1 — k* «* »in’ eoam 2 p tu } 

\ «n cojiti2pw/\ r / 


(i — k* *’ *in* am 2 p at ) (i — — — ) 

V /\ *•« *ni 2 p a» / 

(juatn vidimus aequalem poni posse expressioni : 

, . v -«»• ■ y B w s’ 

»in*am2qw — ** ^ 1 — k* sin’ am 2 q *> a* 


Haec autem expressio, posito loco x, abit io liuuc : 


+ 2 — 


— B 


(q) 


ir> / i 2k’i*»in’am 2q a» m — B''* / fc* 

V k* sin* ani 2 q ot / 1 — k*x* siti’ arti 2q tu ^ k’siu’am2qeu •in’azn2qai — a’ 

unde ut immutata illa maneat, quod debet, fieri oportet: 


am2qw ^ k* (sin* am 2q » — **/ 
n cq) 


2 k* *in’ am 2 q w . 


Q. D. E. 
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23 . 


K formula 14) §. 20 sequitur: 

rn - Zl-k’ i* ih^coaan 2 »Vl-k*a* «in* cramtiu) . • . . ( 1-k’a 1 aio' cnam(n-I) a») 

^ ] / | t. - _2 __ - — y ■ - 

* V (l«k’x*no*aa>2«»^l-k , s**in’ani-i ») .. .. (1-k’i'sin’am (n«1)») 

Posito x = 1 , unde etiam y=i, ac /" i — XX=X' ( fit: 

t , , f A eoam 2 ai A eoam 4 fti ... A eoam (n — I) •* 




A am t u a am 4» ... a sm (n — 1} ta I 


lam vero est: 


A eoam u = 


•i atn u 


k'“ 


unde : 

*' _ |4am2a>.Aam4u .... i«n(o- t) »j’ 

Porro in usum vocatis formulis: 

gj X =s k n |»in eoam t ai . sin coam4« .... stneoam (n— 1) wj 

n — l jiiti eoam 2 *> . ain eoam 4ai .... aincoam(a — 1 )m| 
|ainam 2u.ain*m4a> .... »in ani (n — 1 «>'j^ 


nanciscimur : 


a* 

ain am 2 u . ain am 4 <o .... ainam(o — l)aij 


5) 

6) 

V 

8 ) 


J cos am 2 « cos am 4 m .... cosamfn — l)«aj 


<- l >— -J ±- « L 

M V k” 

/ Xk'* 

~Fk°~ 

-y— = am >•> iam 4 m . . . . A am («— 1) raj 

n — • I 

— ^ -j— = jtg am t •» . Ig »m 4 u . . . Ig »m (n — !) mj 

r x < t . i s 

V _ — — =. sin eoam 2 ai . sin eoam 4 w ... sin eoam (n— - 1) w; 

k- i ■ > 


9) iriOl/— 

1 M V k'k'k“ 


cos eoam 2 a» cos cosni 4 w .... cos eoam (n-- 1) ai 
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10) VV— * = |a coain 2 u ^ eoam 4 u . . . ^ eoam (d — 1) ajj 

Hi! / 1 i )* 

11 ) ( — 1 ) * M ^ ,^-n— i = jlg eoam 2 w 1 g eoam 4 u . . . tg eoam (n — 1 ) wj . 

I larum formularum ope formulae l), 4), 5) in sequentes abeunt: 

IS) x) = / — sin iri u sioain aio ani • »inam (u +4 (n — 1 )») 

IS) eo* acn , xj = / cos am u cos am (u +*») cos ara (u-|- 8 w) .... cos ani (u+ 4 (n — l)w) 

14 ) a iri ^ , ij = ^ -—• A am u a am (u+ 4 «) ^ am (u + 8 si) .... A im (u + 4 (n — l)w). 


unde etiam: 


lg am = V T — *® ^ “ ** * m 45 am (“ + 8w) tg ara (u + 4(° — I)«) 


Aliud ita invenitur formularum systema. Ex aequatioue 4) sequitur; 


x 

■ = Tsin ara 2 m sin am 4 u . . . . sin am 

M 7 k n \ 


(n — I) 


/u \ t TT •in 1 am2p«» kM TT * t — sin' am 2 |> u 


k* sin 1 smfpu 


o = .TU*‘-‘ x )n(«*- k ; h /, m 7 t z )- 

Hndices huius aeijuationis n“ ordini» sunt : 

x = sin am u , sin am (u + *«). sin am (u 4-8«), . ...» sin am (u + 4 (n — 1) ») , 

unde aequationem nanciscimur identicam: 

.n(«’— »)n(«»~ k .^Li - P - . h 

^x — sin am — siu am (u-f-4»)j ^s — sin am (u +, 44 — sin am (u +*(»—<) *•))■ 
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Hinc prodit summa iwlirnm 

16 ) 2 ,in ,m ( u +*q") = “ n (m- ' X ) ' 

Eodem modo invenitur: 

»-l * 

17) = ““"'("m" X ) 

n — I 

18 ) 2 a «" (»+ 4t t“) = TS — a *“ ("m ' X ) 

19) 2 '6 * m (u*Mq*0 = k ' M '6 (■jj"’ *)• 

in quibus formulis numero q tribuuntur valores 0, t, 2, 5, ... n — 1. Quas formulas 
etiam hunc in modum repraesentare convenit : 


X 

un ani j 

f-T’ *) 

= sin am u + A \*> B 

am (u-f-4q«s) •+■ sin am 

(B — «q»)l 

kM 



\ 



f 

n— I 

C-t) x 
kM 

cos am | 

(*•*) 

— cos sm n «f* 2 j co * 

am (u + 4qas)-f- cosam 

(O- 

-♦t-)} 

n — 1 

(-D ' 

M 

A am 

(■s 1 '’ A ) 

| = A am u -f- 2 

am (tt-f-4 q ss) 4* & im 

(U- 

-Sq«)J 

X' 

kM 

tg am 

fa-*) 

= Ig am u + 2 {** 1 

am (u + 4 q as) -f- tg am 

(»- 

-4q «.)J 


ubi numero q tribuuntur valore* 1 , 2, S, ... — j — • I am adnotentur formnlac : 

S cos »m ♦ q o» A im 4 q w sin am u 

•io «n (u+*q") + * in i»(«-<q»)= 1— V sin’ am * q « .io’ >m u 

8 cos am 4 q <u cos am u 

eo, »m (u +4 q ») + «... m (u — 4q») = , _ k > , io » , m 4 q a. ai»* am u ‘ 

S A am 4 q w ii am u 

i,m(»+tq.) + 6«>(»-tq«) = 1 — k’ ,'m' am * q » »in’ in u 

26 imlq«)inniiK«imo 

Ig m (u +4 q ») + tg (u _« q «) = >m 4 s M 4 q lin - , m u >‘ 


•) cf. t. 18 formula, t), *), S ; formula po,lrem» e formuli, 10), 30) fluit, ubi rrputa», <u( Ig tr q- tg d 

sin (<r -f- A) 
cos r cos A 
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quarum ope formulae 16) — 19) in has alieunt: 


*>) 

**) 

*$) 


X 

sio am | 

[ 4 - 

f— 

\ S 

1 1 — f m ‘i m ii pL ^ — 

! co» am 4 q u ^ am 4 q w sin am u 

fcM 

a — 1 

(-1) • A. 

xj — cos itn u ^ , 

1 — k* sio* am 4 q *i sio* am u 
S cos am 4 q «m cos am u 

kM 


[m ’ 


1 — k* sio* am 4 q w sio* am u 

n— 1 





(-I)” 5 " 

A am 

(— 

xj = A sm u + ^ 

Sdam4qa^amu 

M 



1 — k T »in* am 4 t| a sio* am u 

X' 

Ig ara 

l— 

X 1 ”■ tu am u ? .. 

2 A am 4 q «i sin am u cos am u 

k’M 

\ M 

/vi — ig an» u 

1 — k* sin* am 4 q a» sio* am u 


quae eliam ohlinenlur, uhi formulae supra propositae e methodis notis in fractiones 
simplices resolvuntur. _ 


DE VARIIS EIUSDEM ORDINIS TRANSFORMATIONIBUS. 
TRANSFORMATIONES DUAE REALES, MAIORIS MODULI IN MINOREM 

ET MINORIS IN MAIOREM. 


24 . 

Elemento w vidimus tribui posse vnlorem quemlibet .schematis m ' K de- 

signantibus m, m' numeros integros positivos s. negativos, qui tnmen, quoties ii est nu- 
merus compositus, nullum ipsius n factorem communem halient. Facile autem patet, ubi 
q sit primus ad n, valores w <t m k + q m ■ K su ], s (i| U (j oncs diversas non exhibituros 

esse. Hinc ubi ipse n est numerus primus, valores elementi w, qui transformationes di- 
versas suppeditant, erunt omnes: 

K iK' K + iK’ K+SiK’ K + JiK' K + (n — 1) i K' 


sive etiam : 
K 


i K' K+IK’ t K + i K’ S K + i K 


(n— 1) K + iK* 


aut , si placet : 

K iK' K i i K* K i ( i K' K ± J i K’ 




Digitized by Google 



.sive etiam : 


50 


K i K' K ± i K' S K ± i K' S K ± i K' 2 

n * d * n * ii n * n 

quorum est munerus n-(- 1. Ac reapse vidimus, in truusfonuationibus tertii et quiuti or- 
dinis, supra tamquam exemplis propositis, aequatioues inter u = et vss^X, quas 
Aequatione» Modulares nuncupabimus , resp. ad ipiartum et sextum gradum ascendisse. 
Quoties vero n est numerus compositus, iste valde augetur numerus; accedunt enim ca- 
sus, quibus sive m, sive m' sive etiam uterque factorem habet cum u communem, modo 
ne utrisque m, m' idem communis sit cum u. Geueralitcr autem valet theorema: 

,, numerum substitutionem nf‘ orcinis inter se diversarum, quarum ope transfor- 
„ mare liceat functiones ellipticas , aequare summam factorum ipsius n, qui ta- 
„ men numerus, quoties n per quadratum dividitur , et substisutiones amplectitur 
„ex transformatione et multiplicatione mixtas; adeoque quoties n ipsum est gua- 
„ d ratum ipsam multiplicationem . ” 

Ista igitur factorum summa designabit gradum, ad quem pro dato numero n Aequatio Mo- 
dularis ascendet, ubi adnotandum est, quoties u sit numerus quadratus, unam e radicum 
numero praebituram esse k = X, ac geueraliler, quoties n = m’ v, designante m J qua- 
dratum minimum , per quod numerum u dividere licet , e numero radicum fore etiam omnes 
radices Aequationis Modularis, quae ad ipsum v pertinet. 

Inter valores elementi w supra propositas, qui casu, quo n est primus , quem, cum 
in eum reliqui redeant, sive uuice sive prae ceteris considerare convenit, universam trans- 
formationum copiam suggerunt, duo tantum generaliter loquendo *) inveniuntur, qui trans- 

K i K' 

formationes reales suppeditant, hos dico « = — , •* = ——. Illam in sequentibus voca- 
bimus transformationem primam, hanc secundam ; raodulosque qui his respondent, designa- 
bimus resp. per X, X, eorumque Complementa per X', X ( \ Argumenta amplitudinis -jb , 

quae his modulis respondent, (functiones iutegras vocat Cl. Legendre , ) designabimus per 
A, A ( , A', A/. Formulae nostrae generales pro his casibus evadunt sequentes. 

+) N»m infinitis casibus pro Modulis specialibus fil , ut par ladicum imaginariarum Aequationum Modulari um 
sibi aequale eradat ideoqtie rcale fit. 
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FORMULAE PRO TRANSFORMATIONE RE ALI PRIMA MODULI k IN MODULUM A. 

, „ 1 . !K , 4K . (n — 1) K * ♦ 

X = k" {sin eoam sin eoam sin eoam I 


k" 

| A _ *K A 

4 K 


1 ’ ' n 

B 

w 1 

l * K 

♦ K 

(n-l)K | 

n 

n 

n f 

“ ) SK . 

4 K 

it. 1 

\ II 

U 

* n 


sin ani u sin* ainu \ y 4 *in’amti ^ /, sinamu \ 

M ( ~~ 2 K|( “““ ( MK 

1 nn am — I I suram I I un am I 

^ ^ A — kVm* am sin 7 amuj — k*»iu*am sin , am uj . . . . ^1 — k*sin*am- ^>sin , amuj 

/k B . . / ,4K|, / , 8Kv , / 4 (n — I) K i 

= [— I) y -j— sinam u sinam Iu — 1 *in ani ^u -| I . . . . sin am I u -f- 1 


231 / k • • / , 4 Ki . / 8Kt . / 4(n — l)Ki 

= f— 1) V y-sinamusinam lu-f« — 1 sinam lu-f- — I .... sin am Iu -f- 1 

(V ( sin*aiuu \ /. sin’ ainu \ /. sitramu \ 

iK)( i ("-*>* ) 

sm eoam I 1 sm coalu — I 1 «n eoam I 

__ n / \ n ' \ n / 

^ 1-k 1 sin*am^-^ sin' am u j| 1-k 1 sin' am — -»in , smi nj....^l-k**in , am - — — sin* am uj 


/ — - A amuf 1-k’ sin' eoam — - sin’ ani u l/ l-k T sin* eoam — - sii^ani u) ( 1-L’sin’coam - - — sin 1 am u^ 

/u_ \ _ / * \ n }_\ n l \ n / 

' t k |^1 - k’ «in*am ~ sin , amuj^i-k 1 s»n*ain — -*i» , »mu^....^l-k*ain , aiii- au^amuj 

( sinamu \/ t sinamu ^ y f sinam u \ 

~~ *£)( 8K I 1 ~ . i(n — 1 ;iK I 

“c“ B 7 A “ co *“T/ \ l '" co ‘ m — —! 

\ / / u \ 4 / 1-4- sinamu t sinamu \t sinamu k j sinamu v 

/ l±.m.m(-,Aj /l+- ?kW 1 + : iK - ‘ + : i( 7 =^K ) 

' w I sin eoam Jy siu eoam — J ^ sm eoam J 


( sin am u \ 

iK 

siu eoam — — I 
n f 

1 + sinamu y sinamu v 


/ I 7 X >in >m 

l ± X sin »ra , xj 

— — / 4K . 8K . \ /. i . *(n — 1)K . \ 

( 1 k sin eoam — sin am u || 1 — k sin eoam — sin ani u I ... I I — k sin eoam — — — sin am u I 

1 — k»inamu ' n A n / ' n ‘ 

1-4»« siu am u / 4K . . . . . , \ /, , , ^*n— 1)K. \ 

* * I 1+k sin eoam »m am u Jf l+k sin eoam sm am u J . . . | l-f-k sin coain ——sinam u j 
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■ ■ sio am I , x| ts tin im n -f 2 T 
k M \ M / 


, , q ***** *<* K 1 

(— cos im — - A ani ■ - sio ani u 

u o 

' 2 q K 

1 — k* sin* am sin* am u 


( — 1)^ cos am - ■ ** — cos am u 

-Aj-cown,^, x)=co,» m u+*2 ■ f V ' 

1 — k im im ‘«u'am u 


■rr A an ' (iJr * *) = A,mu + * 2 


A am — - — A am u 


1 — k* sin* am sin* am u 


a • 

A am — -- sin am u cos am u 


w' RM, (ir- *■)-•«•«"• + * 2-— — *,ir— t^k 


eoa* am — - — — A* am sin* am u 


ii. 

A. FORMULAE PRO TRANSFORMATIONE REALI SECUNDA, MODULI k IN 
MODULUM SUB FORMA IMAGINARIA. 

SiK' 4iK‘ . (n — l)iK> 

sin eoam - - ) 


. _ tn /• *iK • « iK 

a. =s k am eoam sin eoam — — 

in n 


V = 


k' n 


*«,= (-!) * 


iK' 4i K' 

A am . • 

n n 

• . A am 

(n — 1)IK’,‘ 
*» / 

[ . SiK' . 4i K' 

1 sin eoam ■ ■ sin eoam 

j n n 

. (n — i) i K # 

n 

i . 1 iK' . 

f sin am sm 

l ° 

4iK' 

am 

n 

(n — 1) i K' 
, . sin am — - — 

n 


sin am u 1 1 — 


■M 


( sin* am u V / sin’asnu v / sin*am u i 

( sin* am u ^ y sin J am u y / 1 »»n* am u ^ 

' £=f!S) 

An ^ 

= y - — . sin am usinam (u-4-4i sinam (u + 8 i K # J .... sin ain ( u+ 4(n-l)ik) 
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fr — Vh !V- ii... , *'j 

i ... - , 

/, lioamu liliiin \ /, limma \ 

‘ / f 1- " 7 ' itrr '4 j)iK'| 

'J- ... ... — 1. - tin cofm fi. «w «uun -r— / \ «IO eoam I 

/ 1— kttnamu \ n ' A ti ' \ n f 


1 -f* k sin mu u 


( •in a «» u \ 7, 1 sin am U \ / *in atn u V 

,+ " nrV l+ : snrV *( ,+ : 

«io eoam 1 1 sin ca*m I y sin eoam J 

•'i 1 - I v.— i - .'(.WHilri,— i.., i, 


■fiH 


cos am — — A am ■ i 

t « n n 

= «n am u - — J -r ~ (2^1)1^ 77] 

r sm am ■ — — sin am u 


Digitized by Google 



54 


/ u \ . *<-t> ’ 

'(iT* + — iv — * 


2=* (- 1)^0 M ?1 ZillZ. A im gl-J>i£ c ,.n u 


. " (»q >I)iy TT 

mu 7 >m — ' in im u 


o — l *=* (-1)" ,i„,« n 51lllli*em .m (t, ~ 1) -'^ ^, rou 

A an X ) = A »m u 4 — - — p 2 - 1)iK - 

m, Vm. ■) ■ M»*» ro 5ni>£_ 


(*r \)= 


- f qiK' . 

( — 1/* A im — «io am u co» am u 

a 

tqih' tqiK' 

cos ani — A am -i- — »m* am u 
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/ 


1 — sio am u 



1 — X sin am 




V 


y 1 + \ «n ■» 

( 1 — Aam »inam dJH— A ssi ("iT* 11 *•• 1— Aa*« ^ — • k^sinam u 1 

^1-f-A am , k'^ sin am a,n ^ *in amuj... ^1+A am | — • k'^ sin am u ^ 


1+k 'in am 


A am | 2 l I n» mi u 

-A_.in.rn (A , X,)=.in. n .u + i-S , ,j , in ~ 


(-») 


= cos am u — — — j-A 

-i 

■ , 

ain’ am 1 

\ n 

!2ii , k'j -+- coi’ am t k'j sin’ am u 

n 

= A amu — f( — i) 

— 1 

1 ^ 

c- 

1)1 .in am ^ — LiA , k‘J 6 «n u 

Z 

.in-ampL- 

i2£, k‘J +co.'.o.(* <,, ' 1)K ’ 1 v) .in’»m u 


(_1)« 

/JqK* 
cosam | — — 



■ t r V n ' ) 

— tg am u ^ - 

A , A 

i— a 1 

» am ( — ^ — , k* ) sin* am n 

1 a / ’ rit: m 
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V 


I» — - I 

ln formulis pro transformatione prima positum est ( — l) ' M loco M. Formula 
pro transformatione secunda dupliciter exhibere placuit, et sub forma imaginaria et »nh 
forma reali, in quibus praeterea loco k sin ani k sin eoam * i <**• «H 1 » 

scriptum est j=~ I»", " (*_«■)* T **' H * icU,i W, ° C ' io 

(In «m ■ *iti eoam 

n n 

formam realem, ope forinularnm 19 facile transactum est. Ul»i signum ambiguum 4 
positum est, alterum -+- eligendum est, ubi — y— est numerus par, alterum — , ubi — j- 
est numeras impar; de signo + contrarium valet. In suminis praefixo £ designati», nu- 
mero q valores 1 , 2 , S , tribuendi sunt. 


E formulis pro transformatione prima propositis patet, quoties u fiat suce»- 

shrer 

K SK SK 4K 


fore am *): 


unde obtinemas: 



Contra vero videmus in transformatione secunda , quoties u fiat: 0, K, 2K, SK, 
sive am u: 0, ir , •••, fieri am (-jjp , X.) et ipsam k , • 

unde hoc casu: 



Ceterum e formulis pro Modulis X, X', X, X' exhibitis elucet, crescente n, Modii 
los X, X' rapide ad nihilum convergere, ideoque simul Modulos X', X ( proxime accedere «d 
unitatem. Itaque transformaliouem Moduli primam dicere convenit maiori * in minorem, 
secundam minorU in maiorem. 
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DE TRANSFORMATIONIBUS COMPLEMKNTARIIS 
S. QUOJIODO E TRANSFORMATIONE MODUI.I IN MODULUM ALIA 
DERIVATUR COMPLEMENTI IN COMPLEMENTUM. 

25 . 


Iu formula supra inveuta: 

( u \ j^' n 

— . = y -JT— <g » m u *5 4n * (“-p*"} lg »in (u + 8«i) ... lg Mu (u + 4(n — l)w) 

ponamus u=iu', w=iw', ita ut sit n=iiiK+iuiK', w' = w‘ K.' — miK. lam vero 
est ($. 19) 

lg ani (i u', k) = i sin ani (u', k') 
lg ani (iu, A) = i sin am (u', A') , 


unde formulam allegatam in sequeulcm abire videmus: 


/ u' \ r k' n 

M=C — *) J y — jt* - sin amu' sinam (u-f^sa') sin am w )... . sinam(a’~f-4 (n-1)»'). |Modk'J. 


Porro invenimus formulas: 


a' = 


k" 


| A am ani 4 tu .... £ am (n — 1} oi J 4 

tin eoam 2 w sin eoam 4 tu . • . sin co 
|*in ani 2 w sin am 4 a» ... sin ani (n — IJ aij 3 


n 1 {sin eoam 2 u» sin eoam 4 tu . . . sin eoam (n — 1) u) 1 

> 1 = (— 1 ) * J 


quae e formulis: 


A am (i u , k) = 
sin eoam (i u , k) = 


1 

sin eoam (u , k') 

1 

A ani (u, k') 


unde etiam sequitur: 

sin eoam (i u, k) — i — i sin eoam (u , k*) 

sin ani (i u, k) 1 g am (u, k') A aui (u, k') sin am (u , k'j 


in sequentes abeunt : 

A' = k* n | 'in eoam 2 *»' sin eoam 4 tu 

{ «in eoam 2 w' sin eoam 4 u»’ 

M = —i— — — 

{ iio am 2 tu sin am 4 a* . . 


. . . . sin eoam (n — 1) s»'j 4 
.... sin eoam (n — 1) o»*j* 
. . sin am (n — 1) a/J 


| Mod k j 
| Mod k'}. 

H 
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His formulis comparatis cum illis, quae transformationi Moduli k in Modulum A in- 
serviunt : 


>in *m , X^ = ^ — «ia im u sin sm (u-p4 m) sin ssn (u-f-8 «) .... sin im (u -f-4 {n — 1) •#) 

X s= k’"{»ia cosin i ss sin cosm 4 u .... sin cosm (n— t) <uj* 

£L*~ I f «in eoam 2 u sin eoam 4 . «in eoam (n — I) u t* 

JVf — ( |\ * } . . ' 1 t 

{ sin am 2 w aio ani 4 w . , . . «ia aui (a — 1) w J 

elucet Theorema, quod maximi momenti censeri debet in Theoria Transformationis: 


„ Quaecunque de Transformatione Moduli k in Modulum A proponi possint 
„ formulae, easdam valere, mutato k in k', A in A', w in »' = , M in 

Transformationem autem Complementi in Complementum, dicto modo e transformatione 
proposita derivatam , dicemus Transformationem CompUmentariam. 

Facile patet, transformationum realium Moduli k transformationes reales Moduli k' 
complemcntarias esse, ita tamen ut primae Moduli k secunda Moduli k', secundae Moduli 
k prima Moduli k' complementaria sit. Ubi enim in theoremate modo proposito ponitur 
u — t M — ■ ~ ~ ~ ~ » quod transformationibus Moduli k primae et secundae respondet, 

/it u' = ^t-= quod transformationibus Moduli k' respondet resp. 

secundae et primae. Nec non, cum crescente Modulo decrescat (xmqilementum ac vice 
versa , transformatio Moduli in Modulum ubi est maioris in minorem , transformatio Com- 
plementi in Complementum seu transformatio complementaria minoris in maiorem esse de- 
bet, ac vice versa. Videmus igitur, mutato k in k', abire A in A', A, in A'. Nec nor 
Multiplicator M , transformationi primae eiusque complementariae communis*), abibit 


*) Hoc generaliter tantum neglecto signo valet; vidimus enim, quod in altera tr. erat M, in compJementana 

n — | 

esse (—1) 1 M; at nostris casibus eo, quod in transformatione prima loco M positum est (— 1) * M 

(v. supra), signi ambiguitas tollitur, ita ot transformationibus reatibus complementariis omnino idem ait Mul- 
tiplicator M. 
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in M ( , qui ad transformo tionem secundam eiusque complementariae pertinet, ac vice versa 
M < in M. Hinc e formulis supra inventis: 



sequuntur hae: 



unde proveniunt formulae sumini momenti in hac theoria : 

A’ K' a; _ l K' 

a ” 50 » 1 A < n K 


Hae formulae genuinum transformationis propositae characterem constituunt, unde patet, 
bono iure singulas nos transformationes ad singulos numeros n retulisse. Adnotabo, quo- 
ties n sit numerus compositus = n' n", e singulis radicibus reatibus Aequationum Modula- 
rium, seu e singulis Modulis realibus, in quos datum Modulum k per substitutionem 11“ 
ordinis transformare liceat, provenire aequationes hniusmodi: 

A' _ n' K' 

a ir k ’ 


quae singulis discerptionibus numeri n in duos factores respondent. E quarum igitur nu- 
mero , quoties n est numerus quadratus , erit etiam haec : 




unde K *s k , 


quae docet, casu quo u est quadratum, e numero substitutionum esse unam, quae mul- 
tiplicationem suppeditet. 


H 2 
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DE TRANSFORMATIONIBUS SUrPLEMENTARIIS AD 
MULTIPLICATIONEM. 


26 . 


Revocemus formulas: 

A' 


K' 

K 


a; 

a 


K 

“k 


quibus hunc iu modum scriptis: 


A' 

A 

K' 

K 




K’ 

K 

a; 

a/ 


elucet, eodem modo pendere Modulum X “ Modulo k atque Modulum k a Modulo X , sive 
eodem modo pendere Modulum k a Modulo X atque Modulum X_ a Modulo k. Itaque per 
traDsfnrmatiouem primani s. maioris in minorem, qua k in X, transformabitur X in k; 
per transformationem secundam seu minoris in maiorem, qua k in X, transformabitur 
X in k. Itaque post transformationem primam adhibita secunda seu post secundani adhibita 
prima, Modulus k in se redit, seu transformationes prima et secunda successive adhibitae, 
utro ordine placet, Multiplicationem praebent. 

Vocemus M’ Multiplicatorem, qui eodem modo a X jiendet atque M, a k; M' Mul- 
tiplicatorem qui eodem modo a X < pendet atque M a k; ita ut obtineantur aequationes : 

d jr l <i « 



yif i— »• f i — k’ 
«*y 


V r t — i’ f 1 — k’«’ — -k’ 


quarum altera trausformationi Moduli k iu Modulum X per transformationem primam, al- 
tera transformationi Moduli X in Modulum k per transformationem secundam respondet. 
Ex his aequationibus provenit: 


■f (1— 0(1 — k’»’) MM'/ (1— ■•>(1 — kV) 


* i unde t = i 


■(w)- 
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K . 

At ex aequatione A, = -q— mutando k in X, quo facto K iu A, X, in k, A io K , M, in M' 

• A • . K • 

abit, obtinetur K = -j^-, qua aequatione comparata cum ifla A = ■ q- , provenit 

liW — n > un,le: 

d z nd i 

/■ (1-0(1 -k» ,’) Z" (t — «*>(I — k* *’> 

Eodem modo en aequatione A = ■ M mutaudo k in X,, quo facto K in A,, X in k, A in K, 
M, in M' abit, provenit K = , qua aequatione comparata cum liac A ( =^-, provenit 

= nude ridemus, duobus illis casibus post binas transformationes successive ad- 
hibitas multiplicari Argumentatu per numerum n. 


Ubi post transformationem Moduli k in Modulum X Modulas X rursus iu Modulum k 
transformatur, ita ut Multiplicatio proveniat, hanc transformationem illius »upplemtntariam 
nd multiplicationem seu simpliciter eupplementariam nuncupabimus. 

Apponamus cum exempli causa tum in usum sequeutium formulas pro transforma- 
tione primae eupplementaria , s. Moduli X iu Modulum k, quae erit ipsius X secunda , eas 
tamen sub altera tantum forma imaginaria, cum reductio ad realeni iu promtu sit. Quas 
confestim obtinemus formulas, ubi in iU, quae sapra de transformatione Moduli k secunda 

propositae sunt, (v. tab. II. A. §■ 24) loco k pouimusX, k loco X, loco u, M'=— jjp 
locoM unde — n u loco . In his formulis, sed iu his tantum, Modulus X vale- 
bit, nisi diserte adiectus sit Modulus k; ceterum brevitatis causa positum y = sinam f-q-, x); 

numero q , ut supra , tribuendi sunt valores : 1,2,3,..., " * ■ . — 


o 
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FORMULAE PRO TRANSFORMATIONE MODULI X IN MODULUM L. 
SEU PRIMAE SUPPLEMENTARIA. 


sin am (n u , 


cos am (n ii . 


A am (n u, 


27 . 


k = 


I *iA' , *>A 

{sin eoam nn eoam 

l n n 


4 i A’ 


un eoam 


(n — 1) i A' j* 


SiA’ 4iA' . (n— l)iA’,* 

* . ... a ani - ■> 

n J 


z i /V A 

(A im A im ■— — 


I 

oM 


[ Si A’ . 4iA' 

(n — 1) i A* ) 

1 sin eoam «n eoam 

n n 

... sin eoam « 1 

n f 

i Si A' . 4 i A' 

(n-l)iA( 

I sin im ain am . 

1 ° ° 

... sin am 1 

n J 


= \/" V ,in * m 'sr’ i " * m (^+^r-)* in ,m ('5r +_ r)'"‘ in * m (m' + » ) 

^ , ^( 1 “rio-eoam^)( l ain-coam 4 -^.') ( «»- < — U i*) 

( l LL ^ r \f‘ "..aA-I 1 -- 

l* \ n u / u 4i A r v / a 8iA I / * i ***"" O* ^ | 

* y/ +—)...<«• + n ) 

- yj ^a.mA A .m(^+^|A«(^. + !iA)...A.m( Tr + ( ) 
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1 — sin itn (i 


1 + **o am (n u . k) 


— (■— ^vV 1 -— (‘- r - .u,* ) 

nu, k) _ j 1 — y \ o M n / \ n / 

‘ (■+— hnrV'+— L nrV'f + • 

I im eoam — — II un eoam J 1 au 


j. 

(b — l)i A* 


) 


/ (•— i W)f: — 

/ 1 — ks*nain(nu, k) f 1 — Xy \ n ' \ n / \ n/ 

V 1+k,i "‘ n,(nu,krV i ^'( l+ ~ L TA r )( l+ : — L iiA t y-( l+ : fc=w) 

y sio eoam I y >io eoam f 1 «n eoam J 


sin iin (n a, k) = 


X Y 


*y 


k n M k n M 


(tq-l)iA # (2q-l)»A' 

cos am A am — 2 i 


... C*q-l)iA’ 

„a* am jy 


. .. (- 1 ) • x/ l-yy . 2 / 7 = 7 } 

co.,m(nu, k) -= + ~ 


ikuM 


.... D - fcjg /^7 ; + 


nM 


_ . (2 q - 1) i A* (2q-l)iA’ 

(— 1)* sin am A am 

n n 

sin am — y y 

n 

(2 q- I) i A* (2q-l)»A # 


(2 q - 1) i A* 

un am — — yy 


Ig am (no, k) ; 


koM 


/i— 


* > /~ >— rr . 




2qi A' 


yy 


k' nM 


2q i A' 2qiA' 

►s*am — A 1 am — - ....snr ani u 


Theorema aualy licum generale, transformationem illam primae snpplementariam 
concernens, iam initio mensis Augusti a. 1827 cum Cl. Legentlre communicavi, cuius 
etiam ille in Nota supra citata (Nova Astr. a. 1827 . no. 180 ) mentionem inikere voluit. 
Simile formularum systema pro transfonnatioue altera secuudae supplemeutaria s. transfor- 
matione Moduli X, in Modulum k stabiliri potuisset. Quae omnia ut dilucidiora fiant , ad- 
iecta tabula formulas fundamentales pro transformationibus prima et secunda earum com- 
plemenlariis et supplementariis conspectui exponere placuit 
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Nec uou e numero transformationum imaginariarum una quaeque suam habet siip- 
pleinentariam ad Multiplicationem. Supponamus , quod licet, numeros m, m' §.20 facto- 
rem commuuem non habere : sit porro mfi — pm'=l, designantibus p , /u' numeros inte- 
gros positivos s. negativos, lam si in formulis nostris generalibus de transformatione pro- 
positis §. 20 sqq. ponitur » = ^ K K — , ac k et X inter se commutantur, formulas ob- 
tines, quae ad supplenientariun) transformationis pertinent. Posito m=i, m'=0 , fit 
p=0, m = unde “ K ^— - = ~~ = quod primae supplementariam prae- 

bet, uti vidimus. 


FORMULAE ANALYTICAE GENERALES PRO MULTIPLICATIONE 
FUNCTIONUM ELLIPTICARUM. 

28 . 

E binis Transformatiouibus Supplementariis componere licet ipsas pro Multipli- 
catione formulas, s. formulas, quibus functiones ellipticae Argumenti nu per functiones 
ellipticas Argumenti u exprimuntur. Quod ut exemplo demonstretur , Multiplicatio- 
nem e transformatione prima eiusque supplementaria componamus. Quem in finem re- 
vocetur formula : 


l 


“i (uT ‘ ^ ~ — »in »m u iin im | u q- — j sio im | u -f- ) . . . «o »m | u -f- — 1 — !_ 5 | 

quam etiam hunc in modum repraesentare licet: 

(— 1) ’ •'••"'(■jfj"' *j='y/ — I~I «in sn> -t- K J. 


designante m numeros 0, +1, +2 + - - ■ Iu hae formula loco u ponamus 

2m'iK i u | . . u 2miK’ u 2m'iA‘ >, 

u-j , uncle — abit in — -t = — -i : prodit 

• M M d N tt 1 

, . /n 2m‘i A‘ \ / V* TT . / . 2 m K+2 n/iK' \ 
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Iam ubi et ipsi m' tribuantur valores 0, ±t,+2, .... ±^— i, ita ut utrisquem, m' 
isti conveniant valores, facto producto obtinemus: 

c-t,~n».-(£+^. n « i (,+-«=«+»■•»*’ j, 

ubi in allero producto numero m', in allero utrique m , m' valores 0 , + 1 , + 2 , 


+ — j — tribuendi sunt. 

At vidimus §° praecedente, esse: 

k)= V 4(n ' n l)lA ) (moj *}, 

quam ita quoque repraesentare licet formulam: 

•m »m (n u , k) = — JJ tio un 4 . — — t 

unde iam : 

1) .inimnu = yf k" fi >■" (u + * mK + * m ' iK ' j . 

Eodem modo invenitur: 

*) «...m „ u = y' (-ij”" - ' nco.»i.(u+— K + t . m,iK ' 


-J 


a, » , _ / / * i” n FT a / , 2 mK-f-J ni'i K' \ 

3) a a ni n u = y \V/ 1 i A »m I u + - ‘ J . 

(luae facile eliani in hanc formam rediguntur formulae: 

( j »in* am 11 j 

. t JmKaftn/iK' / 

n 


4) lio «m o u = n «in am u 


( L , . t 2n» K -+-2 m'iK . I 
1 1 — k 1 ara* am — un atn u I 


5) co* midus cos am 


n 


2m K-f-8 ni*iK* 


.. . , !tniK4-tm iK' 

1 — k' sm T ara ■ ■ - ... un* am u 
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G) am n u = A am u 


n 


1 — k' *in 9 eoam 


2m K*f-2 m'iK' 
lin’ am u 


. i» f , SmK + 2m'iK' . , 

1 — rim am «n am u 


Quibas addere placet sequentes: 

n — i 

^ r-r . , 2mK + 5n»'iK' (—1) * n 

7) II am am . — - - = : 

* • * „ n n— I 


8) II‘ 


2mK-f f m‘iK' 


= (t)' 


„ *n.K + *m'iK' 

9 ) n a ™ — i ■ 

In sex formulis postremis numero m valores lautum positivi o , 1, 2, S , . . . , — ~ ‘ 
conveniunt, ita tamen ut quoties m = 0 et ipsi m' valores tantum positivi l , 2 , 3 , . . 
"~ t tribuantur. Et has et alias pro Multiplicatione formulas iam prius Cl. Alei mutatu 
■nutandis proposuit, unde nobis breviores esse licuit. 

DE AEQUATIONUM MODUL ARIUM AFFECTIBUS. 


i 


29 . 

Quia eodem modo X a k atque kal nec non X/ a k', k' a X' peudet ; patet , ubi 
secundum eandem legem Modulorum scalas condas, qui in se invicem transformari pos- 
sunt, alteram Modulum k, alteram Complementum eius k' continentem, iu iis terminos 
fore eodem ordine se excipientes: 

x, V. x, ... 

.... x', t', x' 

Id quod in transformationibus secuudi et tertii ordinis iam prius a Cl. Legendre observa- 
tum et facto calculo confirmatum est. Similia cum de omnibus Modulis transformatis et 
imaginariis valeant, patet, designante X Modulum transformatum quemliliet, aequatio- 
nes algebraicas inter k et X, seu inter u = et v — , quas Aequalior, e» Modulare* 

nuncupavimus , immutatas manere , 
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1) ulii k ct X inter se commutentur, 

2) ubi k' loco k, X' loco X ponatur- 

Alterum iani supra ia aequationibus Modularibus , quae ad transformationes tertii et quinti 
ordinis pertinent : 

1) u 4 — -f" 2 u v (4 — u* v’) = 0 

2) u * — »• + 5 u* v* (u 1 - t 1 ) + 4 u v (1 — u 4 v 4 ) = 0 

observavimus; eiusque observationis ope expressiones algebraicas pro transformatiouibus 
supplementariis exhibuimus. Ut alterum quoque his exemplis probetur, aequationes illas 
in alias transformemus inter kk = u* et XX = v*, quod uon sine calculo prolixo fit. Quo 
subducto obtinentur aequationes: 

t) (k* — *.*) 4 = 1*8 k*x*(l — k*) (1 — V)(* — k’— X’ + * k’ V) 

*) (k»_x*) 4 = 5Uk*X*(l — k ! )(l — X*){t— I/k’+L*k‘— L^k*}, V 

siquidem in secunda ponitur: 

L = 118 — 19* X’ + 78 X» _ 7 X« 

L' = 19* -+• 252 X’ — 4*S X' — 78 k' 

L" = 78 -f 4*3 X’ — *5* k* — 19* X" 

L"= 7 — 78 X* — 19* X* — U8 X* . 




/• 


\ u *" 1 


UVv„., »►, !, 

/r ^|' 


“Y' 

ti'' 


Quae in formam multo commodiorem abeunt aequationes, introductis quantitatibus 
q — i 2 k*, 1 = 1 — 2 X’. Quo lacto aequationes propositae evadunt : 

1) (,-iy = 64(l_qq)(l-ll){s + ql} 

2) (q — ir ** *56(l — qq}(l — Il){l6ql(9 — q!)’ + 9(45— q I) (q — 1)’} 

= *56(l_qq)(l-ll)[405(qq + ll) + 4S6ql — 9qt fq q+l l)_*70q q 1 1 + I6q> 1>{ . 

Quae aequationes, ubi k.' loco k, X’ loco X ponitur, unde q iu — q, 1 in — 1 abit, immu- 
tatae manent; id quod demoustrandum erat. 

Corollarium. Quia Aequationes Modulares inter q = 1 — 2 k 1 et 1= 1 — 2 X’ 
propositas formam satis commodam induere vidimus, interesse potest, et ipsas functioues 
K , K’ secundum quantitatem q evolvere. Quod non ineleganter fit per series: 


q 

2.4 


k = j(i 

_ JL- fJL + 

2J I * 


5 . 5 . q* 
J.4.6.8 
8.8. q' 
2.4.6 


q . o . y . y . 


r 2.4.6.8.10.1* ■* 7 

S.S.7.7.q* S. 8. 7.7. II. II. q’ 


2.4.6.8.10 


2.4. 1). 8. 10. 1*. 14 

I 2 
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K ' = J 



5.5.q 4 
2 . 4 . 6 . 8 * 

3.3.q» 

1— 4. 

2.4.6 ^ 


5 . 5 . 9 . 9 . q" 
2.4.6.8.10.12 



S. 5.7.7. q‘ # 3. 9. 7. 7. 11 .li.q 1 

f. 4. 6. 8. 10 + 8.4.6.8.10.18.14 



ubi brevitatis cau.sa positum est 



30 . 


Faciliori negotio pro transformatioue tertii ordiuis aequationem : 

ita transformare licet, ut correlatio illa iuter Modulos et Complementa eluceat, 
mus enim ex illa : 

(1 — »*) (i + "*) = I — ee + tutii - u’ v 1 ) = (l — »' »*) (l + u »)* 

(1 ■+■ u*) (1 — v*) = 1 — u* v* — 8 u v (4 — u' .*) = (l — u’ v*) (1 — u »)*. 

quibus in se ductis aequationibus prodit: 

(1 — u") (I — .•) = (1 — u' «»)♦. 

lam sit: 

1 — ii* = V V = u * 

1 — V* = VX' — 


extractis radicibus fit: 

u'* .** = 1 — u* e, 


sive 


u ’ .* + u* = /"iT + /"k - v - 1 . 


Obtiue- 


quam ipsam elegantissimam formulam iam Cl. Legemlre exhibuit. Neque ineleganter illa 
per formulas nostras aualyticas probatur, Ouippe e t|uibus rasu n = S fluit: 

X = k* ain 4 eoam 4 co : X' = ■ , 

A 4 am 4 tu 
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unde 


kA = k* »1 


»iu : eoam 4 io = 


k* cos 1 am 4 eu 
A* am 4 tu 


/ k — = __J l — . 

A am 4 at 


unde cum sit: 

k' k' + k k cos* am 4 eu = 1 — k k «in’ am 4 eu = A* am 4 u , 

obtinemus, quod demonstrandum erat: 

/kT+ /VaTs*: I. 


Ut exemplo secundo simpliciorem inter u, v, u', v' eruam aequationem, 
Aequationem propositam: 

u* — t* + 5 u’ f ’ (u* — v 1 ) «f 4 u v (1 — u 4 v 4 ) a 0 

'i 

exhibeo, ut sequitur: 

(u’ — »*) (u* + 6o’v'+e) + 4ut(t — u* »*) = 0 , 

quam facile patet iuduere posse formas duas sequentes: 

(u* — v*) (u + ’)**=< — ♦ u v (1 — u*} (1 + v) 

{u’ — (u — »)• = — 4 u » (1 ■+■ «•) (1 — »*) , 

quibus in se ductis aequationibus prodit: 

(a* — *V = 16 u’ v* (1 — u‘) (1 — v") = 16 u* »• u'* . 

(,)uia simul, ut supra probatum est, u' in u 7 *, v* in v'* abit, obtinemus etiam: 

(V* _ u'*)* = 16 U* T - ’ (t — »•*) (l — v'*) = 16 u’’ y' U • V' . 

Hinc facta divisione et extractis radicibus, eruitur: 

u 4 — t* n v* 

— j; 7T — ~ » *»▼« u » (u 9 — »*) = u \ (r* — u'*) , 

V*— u 9 uv 

sive 

ykMVk— y-A) = Y~ UT (VA-— v'Vj. 


ita ago. 
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31 . 


Alia adhuc aequationum Modularium 

u*-.7 4 + 2bi{1 U* O = 0 

u* _ y* -f. 5 u* t* (u* — »*) -f- 4 u v (1 — u* = 0 

insignis proprietas vel ipso intuitu invenitur, viz, immutatas eas mauere, siquidem loce 
u v ponatur — , — . Quod ut generaliter de aequationibus Modulatibus demonstretur 
adnotentur sequentia , quae ad alias etiam quaestiones usui esse possunt. 


Ubi ponitur y = kx, obtinetur: 

ir 


v J. 


/ FiR) / ('— K 1 - 1 -) 


unde cum simul x = 0 , y = 0 : 

J 


/ V " '■/ / (•— )(*-")’ 


Hinc posito 


// 


d X 


fit: 






— k U , 


unde x = siuam(u, k), y = siuam(ku, . Hinc provenit aequatio: 
•io >m|u, -i-j i= k lio am (u, k), unde etiam 
eoi »m ^k u , -i- j = A am (u , k) 

A im | k u , -i- 1 = COI »m (u , k) 

Ig ani |k u, -j— j = -p- coi eoam (u , k) 
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sin coim (ku, -r— ^ = — : T“ 

\ k / sia eoam (u , k) 

cos coaui |ku, — = * k' 1g am (u, k) 

A eoam /ku, — —r - — : rr 

\ k / k cos am (u , k) 

te eoam /kn, — : rr~ 

n V k / cos coain (u * k) 

Torro ponendo i u loco u, quia Complementum Moduli ~ fit obtinemus ailiumeuto 
formularum §‘ 19: 


sin am 

( ku> 


| — cos eoam (u , k') 

cosam 

|ti, 

t) 

) = sin eoam (u, k') 


( ka 

ik' 1 

|_ 1 


{ ■ 

k J 

' A am (u, k) 

Ig am 

(lu. 

4) 

| = cotg eoam (u, k') 

sin coain 

h 

t) 

| = cos am (u, k*) 

cos eoam | 

k 


| = sin am (o » k') 


(ku 

il ' 1 

A am (u , k') 

Ig eoam | 

[ ’ 
h 

1 ) 
t) 

k 

= cotg am (u , k') . 


Iam investigemus, quaenam evadant K, K' sen org. am(-j-, kj , arg. am (-j- , k j, si- 
quidem loco k ponitur -j-; seu investigemus valorem expressionum arg. am (— , , 

arg. am , -j— quae expressiones e notatione a Cl. Legendre adhibita forent F 
Fit autem primum: 
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Posito y = kx, fit 


Ut alterum eruatur integrale 


i y (>->•)(*-£) <// 

/ 1 l2_ 


= k K. 


d y 


— kd. 


ponamus y s V 1 — k'k'x* , unilr 
Iam quia x inde a o usque ad 1 crescit, si- 


V v (‘-'X*- 1 '") 

niul atque y inde a 1 usque k decrescit, oblinemus : 

f -jL L- _ ; d >:- = t f' Vd> — = iit, 

J / J /MfiH •/ V 

Hinc prodit arg. am(p, -J-) = k {urg. ani (p , k)-+- i arg. am (p , k')| = k {K+iK'{, 
sive ubi k in -p mutatur, abit K in k [ K — |— iK'J. 

Posito secundo loco y = cos <f, fit: 

*r 


r *y = k r ' 

s/ -y/ (>-r’)(»+ kk -y’) y t-H' •*»?>’ 


= k K’, unde: 


•rg. >m(p, = k >r«- »n>(p. kj = k K 

seu ubi k in -p mutatur, abit K' in k K'. 

Generaliter igitur mutato k in -i- abit m K -t- i m' K' in k |mK-»-(ni-Hni)»lk}. 

i pftnK-t-m' iK > ) . 

unde sin eoam j , k| in sin eoam 

mula sin eoam (k u, -f ) = -, io e fi,: 


;K'I. 


kpCmK + ^ QiK-)^ ^ y (|U(M , , for- 


kp^mK+(nt*j-tr')ik ) \ | 

n ' T\ ~ 


1 t 


p( mK + (m-fm)iR') | 
, k, 
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Iam igitur, posito 


ni K txi i K' 


m K -j* m ) i K’ 


= •# , expressio 


x =SS k“ |»i* eoam 2 w «in eoam ♦ tu «in eoam 6« .... «in eoam (n — I) <vj 4 » 


mutato k in in hanc aliit : 


— — n — » — ; ; • ~rz — — i • 

k n (sin eoam 2 w f sm eoam 4 to t «in eoam 6 ... «in eoam (n — !) <wl t* 

ubi u et ipsa est radix aequationis Modularis, seu e Modulorum uumero, in quos per 
transformationem u" ordinis Modulum propositum k transformare licet. Namque e valo- 
rilius , quos w induere potest, ut prodeat Modulus transformatus, erit etiam ille « . IJnde 

iam causa patet, cur generaliter Aequationes Modulares mutato k iu -p, X in -i- immu- 
tatae manere delieant. 

• ’ a 

Adnolabo adhuc, uhi secundum eaudem transformationis legem (|uampiam simul 
transformatur k in k (m| , X in X ( “”, quoties k 1 ™ 1 loco; k ponatur, etiam X iu X <m) ahire; 
unde ae(|iiationes Modulares ubi simul k in k ,ni) , X iu X <m) mutatur, immutatae manere de- 
bent. Ita ex. g. aequatio /*. kX-j-V k'X'= 1, quae est pro transformatione tertii ordi- 


I— k' 


nis immutata manere debet, ubi loco k, X resp. ponitur -jqrj!-, , unde loco k', X' 

r-7- /N— — - : . 

2 y k 2 V ^ - 

ponetur - , id quod per transformationem secundi ordinis fieri notum est. 

Ouippe aequatio i/~k X -+- k'X' = 1 iu Imuc abit: 

2y^Vx' 


V 


fi-k'>(i->.') 


= f, sive 


t t - 


d+k-KH-i.', T /d+ifia+vT ‘ 

*V"k”= /* d+k'jd+x'j - /u-iog-a'}. 

Otia iu se ipsa ducta prodii: 

iffiT = 2 (l+k'X'J — 21A, «V* kA =s 1 + k' _ 2 /'fT!] 
quae extractis radicibus iu propositam redit: 

k A = 1 — 1 k'A .ive y kA -f- y k'A' = 1 . 

• • ' t . _ . . — . /. 

Ouod exemplum iam a Cl. Legendrc propositum est. Generaliter autem de compositioue 
transformationum probari potest, transformationibus duabus aut pluribus successive adhi- 
bitis, ad eandem perveniri, quocunque illae adhibeantur ordine. 

K 
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32 . 


Al inter affictu» Aequationum Motfularium id maxime memorabile ac siugularo mihi 
videor auimadserlere, quod eidem omne* Aequationi Differentiati Tertii Ordini * tatitfariant. 
Cuius tamen investigatio paullo longius repetenda erit. 

Satis notum est *), posito a K -4- b K' = Q, fore: 

d ’ y =kQ . | 


k d-k’) 


dk’ 


designantibus a, b Constantes quaslibet. Ila etiam posito a’ K -4-b'K'=Q', designantibus 
a', b' alias Constantes quaslibet, erit 

k(, “ k ’ ) ^" + ( ‘ _9k,) ir = kg ’ - 

Ouibus combinatis aequationibus, obtinetur: 

k <*- k *> ( g } + <*-•* i* " *4?-} - »• 

unde integratione facta: 

k 0 - 1 ’) (q 4t- - g ’ -rr| = (“>’-.'b)Ki-k-) {k -if- - » «■*—'« ( ” 

Constans C a Cl. Legendre e casu speciali inventa est = — ■— , unde iam 


v dk v dk 


— — w (a b* — »' b) 


Ml-k 1 ) 


Q' 


— — -ir ( a b' — » r b)d k 


Q kd-k^QQ 

Similiter designante X alium Modulum quemlibet, erit posito 1 A + B A' = L, 
■ A -4- $ A L , 

L’ 


— — *f (■ fi — « /J) d X 


L ~ X(l — X*)LL 

Sit X Modulus in quem k per transformationem primam u” ordinis transformatur; sit 
porro O s= K , Q* = K', L = A, L' = A'; erit : 

L' A' _ a' n y' 

L — A — K “ Q ‘ 


•) Cf. Legeudre Tr»il< de* F. E. Toro. I. C»p. XIII. 
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unde 


n dk 


dX 


k (1 — k T )KK X(1-X’AA 


Invenimus autem pro ea transformatione A = — , unde iam : 


mm - JL.. * (t ~ x * )dt - 


n k(i — k*)dX 


In transformatione secunda vidimus esse ■■ / - = — — £ — , A, = — ~ — , unde: 


dk 


A, 

ldX, 


unde et hic : 


k(l — k’)KK X( l — \,*)A,A, 


mm^I. Sffr y.jL. 

• ' a k(l — k^dX 


Generaliter autem, quicuuquc sit Modulus X, sive realis sive imaginarius, in quem per 
transformationem n" ordinis transformari potest Modulus propositus k, valebit aequatio: 




X(t — X*)dk 

Ouod ut probetur, adnotabo generaliter obtineri aequationes formae: 

»K + ibK' 


«A + iSA' = 

a’ A' + iit A = 


aM 

a* K' + i b* K. 
dM 


designantibus a, a', a, a' numeros impares, b, 1/, /3, $ numeros |>ares, utrosque positivos 
vel negativos eiusmod i , ut sit aa' -+- bb' = 1 , «»'-+- B Sf = 1 *). Hinc posito: 
a K + i b K.' = y , »' K' + i b' K = Q' 

«A + ifl.V = l, a' A' + i ft A «= L', 

oblinemus , quia aa' -f- b b' = 1 , ««' -+- Bff = 1 : 

^ Q' — n * d k ^ L’ — tr d X 

IT = *k(l — k*)QQ * ~ ~ 2X(I — X% L I. ' 


•) Accuratior numerorum », a\ b, b' ccl. cet. delermioalio pro singulis eiusdem ordinis liansfnrmationibus gra- 
vibus laborare difficultatibus videtur. Itnmo baec determinatio, nui egregie fallimur, maxime a Ii mitibus pen- 
det, inter quos Modulu» k versatur , ila ut pro limitibus diversis plane alia eradat. Id quod quam intricatam 
reddat quaestionem, expertus cognoscet. Ante omnia autem accuratius in naturam Modulorum imaginariorum 
inquirendum esse ridetur, quae adhuc tota iacct quaestio. 

K 2 
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unde cum sit: -jj- = , L = -~j- » generaliter fit: 


MM = — 


X(l-X*)dk 


k(l — k*)d A. 

Adnotabo adhuc, aequationem inventam ita quoque exhiberi posse: 

MM = — _ 1 >-' , (l->.' , ;.l(t-) 

n ‘ L 1 (1 — lt’)d (A*) n ’ l'(l — k'’)d(V) ’ 

| 

unde videmus, expressionem MM non mutari , ubi loco k, X Complementa ponuntur k', X', 
sive (juod supra demonstravimus, transformationibus complemeutariis , signi ratione non 
habita, eundem esse multiplicatorem M. Porro mutando k in X, X in k , quo facto trans- 
formatio in supplementariam abit , mutatur M M in 

_1_ k(l — k’)dX 1 .... I 

n X(1 — X*Jdk onMM 

quod et ipsum supra probatum est. 


*i*f M in 


»M 


33 . 

Posito (.1 = aK -t- LK', L = «A -+- 0 A’, Constantes a, b , a, 3 ita semper deter- 
miuare licet , ut sit L = , sive Q = M L. Porro halientur aeq natione- : 

i) (k-k-)i^- + (i_8k’)-i^- - kQ = o 


dk* 


dk 


d’L d L 

i) (x-xq-^ + fl-ax^-j^-xL^o. 

quas etiam huuc in modum repraesentare licet ; 
(k-k’)dQ 

9) d — 


dk 


4) d. 


dk 

(X — X*)d L 
dX 


dx 


_ kQ = 0 


— X L = 0. 


Substituamus in aequatione: 
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O = ML, prodii : 
d'M 


L { lk_k ° ^ + (l_Sl,) 4^, “ kM } + TF + <1_sk,)M ( + (k-k ' )M TF = o> 

* . ' ‘ |w . , -i- - < * . . . • l ' 

qua per M multiplicata, obtine tuus. • 


I d’M dM 

S) LM {(k-k>) -1^. + U-Sk’) _ 


r-kM ) + 


(k — k') M’ d L 

dk 


dk 


= 0 . 


At e §° antecedente fit: 

(k— k>)dk 


M* = 


o(k_k’)dX 

Porro ex aequatione 4) fit: 


uude 


(k-k')M’dL 

dk 


(k — k’)dL 
ndX 


d{^.|,kMk, unde 


(k— k') M’dL 
dk 


= d 


(k— k’)dL 
dk 

d k □ d k 

Hinc aequatio 6) divisa per L in hanc abit: 


6) M j(k — k’) 


d*M dM 

_ +( i_ 9 k-)4 


r-kM). 


XdX 
ud k 


XLdX 
o d k 


= 0. 


Ubi io hac aequatione valor ipsius M ex aequatioue M 1 =a substituitur, ole- 

tinetur aequatio differentia] is iuter ipsos Modulos k, X, quam facile patet ad ordinem ter- 
tium ascendere. Facto calculo paulto molesto inveuitur: 

Sd*k' *dk d’ k . dk’ //1 + kV /1+kV dk*» 

— ■ 7F + 7F ((k3T*) - (rrv) -dF) = 0 


dk* 


In hac aequatione dk ut differentiate constans consideratum est. Ouam ubi iu aliam traus- 
formare placet, in qua differentiate nullam constans positum est, ponendum erit: 
dkd* k 


d’k 

dk’ 

d’k 

"dk* 


d’k 

7F 

d>k 

7F 


dk* 

3 d’ k d’ k 
dk* 


dkd’k Sdkd*k* 
dk* ^ 


dk' 


unde: 


Sd’k’ *dk d’k 8d’k* Sdk’d’k* , *dk’d'k *dkd'k 

dk* dk ‘ dk* = 'dk* dk* *" dk> dk* 
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Hinc aequatio 7) multiplicata per dk‘ in sequentem abit, in qua dii&rentiale nullum 
constans positum est, vel in qua ut tale, quodcunque placet, considerari potest : 

8) J jd k’d’A’-cU>d'k’j - SdkdA. jdkd'\-dXd’kj + d k’ d V {{ i±l’j’d vj = O. 


Hanc patet, elementis k et X inter se commutatis, immutatam manere aequationem, id 
quod sapra de Aequationibus Modulariiius probavimus. 

Operae pretium est, alia adhuc methodo aequationem illum ditferentialem tertii 
ordinis investigare. Quem in finem introducamus iu aequationem , unde proficiscimur. 

quantitatem (k — l 1 ) QQ=s. Fit 

4i- = (t-Sk’)QQ + t(k_k. J Qi2. 
o k d k 

ili = — CkQQ + 4 (t — S k*) Q d Q + * (4r) + 

Qua in aequatione ubi ponitur: l 

<y-V) = kQ - (t-Sk*) . prodit 

ill = — 4kQQ + *(t_»k-,Q 12. + *(k-k.)( iSL/ 

= ?-^-{(t-Sk*)Q + (k_k‘)15.| - 4kQQ. 

Qua aequatione ducta iu 2s=2(k — k J ) QQ , obtinetur: 

S>d'i dO ( «IO i 

= 2(k_k')Q (l — S k*) Q Q + t(k-k’)Q-ji-| _ 8k!(l-k’)Q*, 

sive cum sit: 

* (k-k*) Q 4r- = -4r — <»— sk*)QQ 

d k d k 

S(l-Sk’)QQ + g(k-k>)Q-ir- = 4r- + (>-»k*)QO. 

d k d k 


obtinemus : 


t.d’> 


‘2>d 

dk’ 


d* t / d s s* / d t i* 

— = (-^1 - (1-SkVQ* - 8k’(t-k 5 )y* = (— | _ (t+k ! /y , seu 
>, / d. \* /l+k*,* 

-- W+(k-^)"=° 
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lain vero posito a'K -+- b'K' = (V, -5- = t, 
designante m Constantem ; unde s = d [ • 

in qua d t constans positum est. Erit -j~ = 


vidimus esse - 4 ^- 

dk 


(k-k-JQQ 


Aequationem 9) in aliam transformemus, 


md a k d* s mdH 

dtdk > 7F = dldk 7 


md’k’ 
dtdk» 5 


quibus 


substitutis ex aequatione 9) prodit: 

*d’k Sd*k’ /l + k’' dk’ 

di’dk “ di’dk’ + ‘k — ky di’ — ‘ 

io) *d>kd k - sd’k' + |i±i!j’dk« = o s 


sive 


ubi secundum t, quod ex aequatione evasit, diifnrentiandum est. 


Ponendo \ A + 3 A’ ’ ~ “> Constantes *, $, £>, quoties X est Modulus trans- 

formatus , ita determiuari poterunt, ut sit t = w; nec non simili modo obtinemus: 

X — V) 

in qua aequatioue et ipsa secundum tt = t differentiaudum erit. Multiplicetur aequatio 
10 ) per dX", aequatio ll) per dk 1 : subtractione facta obtinetur: 

1») tdkdx|dXd*k — dkd’xj — sjdX^k' — dk*d’X*J + d k’dX’ k’ — (iJti!|dX’J = 0. 

At haec aequatio cum aequatione 8 ) convenit, iu qua scimus, dilfereutiale quodeunque 
placeat tamquam constaus considerari posse, ideoque etsi inventa sit suppositione facta, 
dt esse differentiate constans, valebit etiam, quodcunque aliud ut tale consideratur. 


ll) 


t d*X d X — S d’ X’ + | 


Ecce igitur aequationem differentialem tertii ordinis, quae innumerus habet solu- 
tiones algebraicas, particulares tamen, vix. Aequationes quas diximus Modulares. At In- 

tegrale completum a functionibus ellipticis pendet ; quippe quod est t = « , sive * * ^ ^ - r- 
= * ^ + 3 a '~ ’ t J uam ‘ ta etiam repraesentare licet aequationem; 

m K A -f- m'R'A'+ m"K A' m'” K' A = 0 , 

designantibus m , m', m ', m"' Constantes Arbitrarias, (luam integrationem altissimne in- 
daginis esse censemus. 
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Inquirere possemus, an Aequationes Modulares pro transformationibus tertii et 
quinti ordinis reapse, quod debent, aequationi nostrae differentiali tertii ordinis satis* 
faciant. Quod vero cum nimis prolixos calculos sibi poscere videntur, idem de transfor- 
matione sccnndi ordinis, ubi X = , demonstrare suiliciat. 

Consideretur dk' ut constans, fit: 


1 — k' 

2 



k — -r- = — t + 


k k + k k’ = t 


i-t-k 

t+k- 



dX — * 


dk — k' 


d k' (i ■+■ k*/ 


dk* = k 


A 9 k 4 


d’k —1 

ck' _ -i 

dk-- _ (i+k-)' 


d k** k 

k* ~ k* 

d*x — u 


d»k __ Sk' 



dk' 1 (tq-k'}* dk'* l* ’ 


Hinc fit: 


dk ! d'X' — dX’d*k’ 

16 k' k' 4 

dk’* 

k’0+0* k*(I + k',* 

4{k*k”-(i+kyj 

4{k’*(l-k'/-l} 

k-0 + k'i* 

k*(l + k> 


l’orro obtinetur: 

dkd>X_dXd>k 1*1’ , 6 k' 6k'{*(l — k')’+lj 

di^ k(l + k’/ + k'(iq-k';’ k>(I -k^ 

d k dX jd k d* X — dXd* k j l*k''(*{I — k')*— l} 

" ' dV' = k'(l-t-k'/ 1 

sld^d^-dx^k’! — *dkdx{dkd>x— dxd’k| U(*k"- 1 ) 

unde dF *= i. ( i +l - } 4 • ■ 

Porro fit * 

/H±Y.£*L = JL±_ k !L 

\k— kv Jk' 1 k«k" 

/l±£l’i£. 4 nq-k- i’1 1 + C’ (■ (t+k-y 

‘x — XV dk"* = (l-fk> 1 I-k'f 1 *k' l~ k"k* • ‘ 


unde : 

,l-)-k’)*dk’ il+XVdX* S{1— *k") 

t Ii — k>/ dk' r ~ lX-X*> dT* — k*k" 
dk’dX’ (/ 1+kV dk’ /I+X’» dX’ | _ l*(l-*k ,, j 
dk'* Hk— ky <tk'* _ ' x— x\J dx' T | k-(t +l*')* 
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Hinc laudcin iit , quod debet : 

8{dk*d’A*_ dA’d*k’j — * d k d A {dk d A — dAd' k}' 
dk'* 

. dk*dA’ //1 + kV dk' /1 + AV dA*k X*(*k'*_ 1) l*(l_*k'’) 

+ dk* ({k — k’/ dk’’ Ia — A7 dk'*/ k‘(l + k’r + k*(t + k> ~ °' 

Ubi methodi expeditae in promtu essent, si quas dequatio differentiatis solutiones alge- 
braicas habet, eas eruendi omnes: e sola aequatione differentiati a notiis proposita Aequa- 
tiones Modulare», quae singulos transformationum ordines spectant, elicere possemus omnes. 
Ouam tamen materiem arduam qui attigerit, praeter Cl. Co/idorcet , scio neminem, atten- 
tione Analystaruin dignam. 


34 . 


Aequatio supra inventa : 


MM = — 
a 


A(I — A A) 
k(t-kk) ’ 


dk 

dA 


cuius ope ex Aequatione Modulari iuveuta statim etiain quantitatem M determinare licet, 
digna esse videtur , cui adhuc paulisper immoremur. Non patet primo a.qiectu , quomodo 
valores quantitatis M in transformatiouibus tertii et quiuti ordinis inventi cum aequatione 
illa conveniant. Ouod igitur accuratius examinemus. 

n) In transformatione tertii ordinis, posito u = V k , v — VGT invenimus ; 

I) — T* + i u v (I — u’v*) = o, 

quam ita quoque exhibuimus aequationem §. 16 : 


Porro fieri vidimus: 


S) M = — I 

* + *u' 



Differentiata aequatione l) obtinemus: 

du ___ ft* — 11-fSu’v’ 
dv Ju’ -f- t — Ju 3 » 1 


L 
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sive loco S 


posito ( 



/2v‘-o\ 

( v ) 

V « ) 


du fv' u 1 -+• U ’ + 2 U* v 

d v 2 u'«4»t 1 -f- u* v* — tu v* 


Ex aequatione l) sequitur: 

i — u* = (1 + u«) Ji — v* q- tu » (1 — u* **)} 

= i — U 4 \* -f- U* — V«+tuv(t+« i )(l — u* %* 

SSS 1 — U 4 T*q-tu % V (l — U 9 v'j = (I — U*«*)(t + u’ »’ + tu'v) . 


Eodem modo invenitur: 

1 — v' = (l— u’0(l+u’v’— 


unde 


1 — »» 1 + uV — !ui> 

l_u‘ l + u’v’ + *u‘v ‘ 

1 — v’ Ju _ »»■ — u 

1 — u’ dv Iu* + v 


sive ex aequatione 4): 


Oua aequatione ducta in 


V w 

TiT = (*u*+v)(t«»— u) ' 


prodit : 


T(1 — t’) du 

u(l — u") dv 


1 

S 


X(l — XX) 
k (1 - k k) 



MM, 


O. D. E. 


b) In transformatione quinti ordinis, posito u = / k , v = «/ X , invenimus : 
1) u’ — y‘ ■+■ SuVfu' — v 1 ) + 4uv(t — u‘v 4 ) = O, 
quam his etiam modis exhibuimus aequationem 16. 80: 


. ii + v’ v — u* 

i) — — 5 

u(l+u’v) v(t — ut') 

S) ( U J — v 4 ) 4 = 16u’v’(l— u*)<l— v’). 


Torro invenimus: 


4) m = «_ u + 4> 

» — u 1 5u(l-f-u»v) 
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Differentiata aequatione s), obtinemus: 

6ov(l— u’)(l — * , )(udtt — »d») = 

u (a’ — »*)(! — u*) (1 — 5**)dv + *(u> — 0(1— V*)(l — Sti‘)du , 

sire: 

5) »(1 — »*)|5u’ — u*" + r’ — 5u*«’Jdu = u(l — u‘){5»' — v“ •+■ u' — 5u*«’JdT. 

Aequatione l) ducta in u’, v* f eruitur; 

5 u 1 — u 10 + ** — 4 u* v ’ = (1 — u 4 v*) (n* + 5u’ +4 u* ») 

5 y* — ? ,n + u*— SuN* = (1— u^T^Cu* -4uv‘), 


unde aequatio 5) in hanc abit: 

v(i — v*) du u* + 5»* — 4uv* 

u(l— u*) dy v* -f- 5 u* -f- 4 u* i 


Pountur u -t- v‘ = A, u -t- u'» = B, v 


AC 

¥17 


5 » sire AC = 5BD 


I) 

77 



u* -4- 5 t’ — 4uv‘ = uA + 5vD 
t«q-5ii , q-4u‘v — vC + 5uB, 


u‘ = C, v — ut' = D, 


erit : 


„ »(1—0 du uA + 5vD uAB + vAC D 

' u(t — u’) ' dv — tC + SuB vCU + nAC, H 


«li + vC 
v D + u A 


^ = ^ = SMM. 

B C BC 


Fit enim: 


«B-f-vC = vD+nA = uu + tt. 

Unde etiam: 


MM = — 

5 


»q— y‘) 

u (1 — u‘) 


Q. D. K. 


do 1 X (1 — XX) dk 

T, 5* ' k(l — k k) ' ~dT 


L 2 


ita ut: 
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THEORIA EVOLUTIONIS FUNCTIONUM ELLIPTICARUM. 


DE EVOLUTIONE FUNCTIONUM ELLIPTICARUM IN PRODUCTA 

INFINITA. 

35 . 


Proposito Modulo k reali, unitati* minore, videmus Modulum 

. i n f • *K . 4K . (n-l)K )♦ 

A = k <itn eoam . sui eoam • . sin eoam \ , 

In n n j 


in quem ille per transformationem primam n" ordinis mutatur, crescente numero n, ce- 
lerrime ad nihilum convergere; adeoque pro limite n = 00 , fieri X = 0. Tum erit 
A = -j-, nm (u, X) = u, unde e formulis A = > A' = obtinemus : 


_ j*K_ A* _ _ wIP 

" “ * ' n ~ "nM ~ ItT ' * 

Ponamus iam in formulis pro transformatione primae supplementaria §. 26 — loco n, 

n = OO : abit am xj in ani , X j = y = sin am(^-, xj in sin jiorro 

am (n u) in am (u) . Hinc e formulis illis nanciscimur sequentes : 
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A am u = 


?hr\(' 

\ c “ -*k-/\ nr J\ c “— *ir / 


(' *•■#)(' )(' "%)' 



l+t timin u 


sin jni u = — 


*y 

it K 


(*+ — b“l(‘+ — iT 7 irW 1+ — fcnr)- • 
\ ~-nrA r “*• iir / 

(- 


i irK' 
2 K 


5» ir K' 

Tk 


1 nr R' 

2 K 


2K 

SiirK* 


— yy sin' 


SiirK 
’ tK 


( . »irK , SiirK 

sin . — sin . - - ■ 

2K 2K 

inK' . SiirK' 

""•nr” ” ■ “*k 


5 inrK' 

Tr” 


yy 


5iirK 
‘ 2 K 


— irK' 


Ponamus in sequentibus e 


y — sin 


SK 


= sin x ; fit : 


unde : 


1 - 


mi irR' 
K 

miir K’ 


yy 


_ m _ — m 
q — q 


q ra +q -m 


K = q, 




SK 


= X 


■— > > 


iki 


) 

} 


unde 


*q m 

J+al’ 


m ittR' 


« + 


4q’ ,n sini* 

0 — q’ m i’ 


1 — *q ,m co.S. + q*“* 

(I^q”V 
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l — 


JS 4 q tm xin x* _ l+gq^coilx + q’" 1 

ini irK^ q+q ,ra / 


I ± 


tn i rr K 

ii 

mi«K' 

K 


■ = 1 ± 


2 q m »in i 

l + 4 m 


tq^Cl-Hq’ 1 ") 


a+q’“)* 

l±2q“*in«+q’ m 

i+q" n 


i i Tf K’ 


K 

miwk* 


— yy 


nt i ff K 


■—yy 


l — 2q ,,n co»2x + q*" 


gq m 1-q»™) 
t — gq ?nl co*2i + q ,m 


Hi» praeparatis, atque posito brevitatis causa: 

I Cl — q)(t — q’)(l— q*) ■ ■ |’ 

I (l-q*Kl-q*)(l-l*) ■ • I 

I (1 — q)fl — q'J (1— q‘> ■■ |’ 

~\ (l+q’)(t+q»)(l+q*) •• I 

r - ( Cl — q: q— q')q — q') .. i’ 

\ q+q) q+*r) a+t’) • • i ' 

prodeunt Functionum Ellipticarum evolutiones in Prodacta Infinita fundamentales : 


2Kx 2 AK q — gq ^Qlgx + q^Cl — 2q , C<u gl+q , )(l — 2q* CO»2x- t- q‘’) 

~ n >mI ' (1 — 2 q cos 2 x *4~ q*) (1 — 2q' cos 2 1 -p q") (t — 2q‘tOi 2« + q**) . 

2 Ki ( l + 2 q’co» 2 x 4 - q , )( 1 + 8 t l* c ° 1 * , + q > )( 1 + g q l ' to « ? »~t-q 1 *) • 

— - = COJI. — 2 q* coi 2 1 + q'°) . 


5 ) 


Ck sm 


2Kx 


(l-t-2qC0»2i-p q , )(14-2q , C0lgl-t-q , )g+2q > C0»2l-^-q l ”) ■ 
(1 — gqcosgx-t-q*) (1 — 2q'co»2 x-pq*) (1 — 2q 1 CO»2x-t-q 10 ) . 


♦) 



1 — 


H- 


2 K* 
sin am 

f 

“ 2 K * 

sinam 


-/ 


1 — f- vin * 


(l — f q sin i -f q’) (1 — *in*+ q 4 ) (1 — tq’ sin i-f q*) . . 
(i + 2q.in*+q*) (i + 2q*«n * + q*) + . . 



(1 — 2V^ qsins-f-q) (1— 2*/ q»sin*-f-q t ) (I — h/~ q 4 sin * 4*<|‘) . . 
g+*/" q sin x + q) (1 -f"* V^q^sin «+<t’> (»+*/" q* sin x + q*) , . 
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Nec non aliud formularum systema , quod resolutionem propositarum in fractiones sim- 
plices suppeditat: 

I “ * * ' 1 I 1 

/'qd-HJ , Vjfy+i*? , Z' q‘d+q‘) 


SKx 2 jt . 

6) sin ani = Mil * 

ff kK 


/ v q<*+sj . r qU^-H 1 ) , v q^i+q*) 

\ 1 — $qco*2*-t"4* 1 — 2q’coj2i*f <i* 1 — 2q J coi2* + 


2K. _ _2*_ /_/V(i_-q) /Yd-q’) /Yd-q‘) _ \ 

cossin |(K co$*^ ^ — 2qco*2*-t-q* l — 2q l co»2»-t-q* 1 — tq^coilx-t-q 10 / 

(luibus addimus ex eodem foute manantes: 


8 ) 


,„.,1 d-SM *(•£?•) , -•(-££) 1 

1 n j£ y j — SqcotS 1 — 2q'co$£*4"4" 1 — 1 1|' cw 2 * + q' 0 / 


*k*_. . . d+q)'s* d+q‘)*** 

9) am = ± * + 2 Arc tg . - 2 Are ig . — - ■+■ 2 Are »g . — . . 

x X — q X — q* X — q' 

ln formula postrema signum superius eligendum est, quoties in termino negativo, inferius 
quoties in termino positivo computationem sistis. 


36. . 

Contemplemur formulas l) — s), iu quibus aute omnia quantitatum, quas per A, 
D, C designavimus valores eruendi sunt. Facile quidem invenitur pouendo x = —■ , e , 
formulis S), l): 

v = cc. 

1 d+q)d-q*)d+q’> ••• I 

unde C = Z~U ; 

2 A K I (l + q*)«+q‘)(t +q«) . . . i» 2 A K C 2 A~A K 




d+q) d+q‘)d+q' 


H • • • r 2 a k _c _ 
*) . ■ ■ / * ‘ B 


ir B 


unde B = ** — K . At ut ipsius A eruatur valor , ad alia artificia confugiendum est. 
Ponamus e**== U: ubi x in x -+- '-Y- mutatur, abit U in /Jv, sin ani in 


/tKi a i 

M— + iK ) = ~ ?k7 

k am am 


Digitized by Google 



88 


E formula 1) autem obtinemus: 

SK. AK/U-U-\ 

«in *m as - I , I ' ‘ , , — ■ 1 

V > i Ja-qina-vu’) )(i— vu-*) ••} 


unde mutando x in x 


i ak f(t— q’tJ*)(i— g* U*) . . |{(t— qU~*)(t— q*U~*) • • | 

ki . nim !K> » ' * / j(l_q>0’)(i-q»tP).,jJ(l-U-'HI-q , U-») . .}’ 


quibus in se (luciis ae(|uatiouibus , cum sit: 


/'^U— —l l-qtt’ 

1_U' 


prodil : 


_L = sive A = -L&; unde = j£L. 

k v-iU/ /tK * /T 

Hinc erit B = = 2»^ y/ -p. Iam igitur fit: 

SKi 1 tV qaini(t — #q’co»fi + q , )(l — 2q 4 eoa2i-f-q")(l — 2q*co*Ji4*q' a ) . .. 

•inam— — = ~^=r- (l_*qcoit»-Hq’)(l-*q'coi*. + q‘)(l— tq*eol*i + q-°) .. . 

2Ki /’T 7 ’ 2 v' qcni»(t + 2q , coi*«+q , ){l-t-tq»«oi*a + q , ){I+Sq*coa*iq-q**) . . . 

CM.m— y k • (I_*qc 0 . 2 .-f q’)(l-*q'c 0 . 2 « + q‘)(l-q‘co.2, + ,’') . . . 

!ki _ J-r-r (t-t-iqcoiti + q^Ct-t-iq^o^i-t-q^fl + tq^ niii-t-q 1 * ) . ■ ■ 

A ani - V • (t — tqcol 2i + q’)(l — *q’coi2 i + q*)(l — 2 q* coi 2« + q’*) • • • 

Aequatiouibus in se ductis: 

V / F _ | (t-q)(l-q’)(t-q») ■ ■ 


v q V k \ (i-h’)(i+q , )(t+q‘).. I 
st r I (i— q}d— q*)0— q*) • • • i 


C = V k’ = 


t d+q)(i + q*)» + q‘) • ■ >' 


prodit : 


_ (q-q)(l-q 1 )(l-q‘ ) .1* 

/r ~ j(‘+qK»+H’)tt+s’) ••}’ 
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Inm vero secundum Eulerum in Introd. {de Partitione Numerorum ) esi : 


(i+t)(i+l’)(i+q')...= 


(l-q»Hl-q«)(t-q-) ... 

(i — q)(i— q*)(t — q’) ... 


(l_ S J(l_q‘){l-q>) ... 


unde obtinemus : 


tV — v 

1) {<l-q)(l-q')<l-q‘)(l-q’)..}* = — • 


Advocata formula: 


= | (t-q)(t-gMl-q‘) ■■ j’ 
\ (l-q*)(t-q‘)(t-q*j .. /’ 


*) fa-tfa-*)»-*)»-**) ••}*■= -^7=7- uude etiam : 

it’ V q 

») {(I-q)(t-q*)(t-q*Ht-q*) . .}* = ■ 

«' V M 

Quibus addere licet, quae facile sequuntur, formulas: 

*) {(‘+<d(»+q'Ki+q‘)a+q’)--}* = -4=^- 

5) {(i-H*)(i+,»K!+<r>(i+q*) • •}* = — 7~ ~ r= 

*/ k' V 1 

S) {{t+q){t + q , )(t+n’)(t+l*) ••)* = — 7T*=r • 

Sk’v q 

E quibus etiam colligitur: 

„ . . , ( (i+q^d+q Ma+q-) .. 1* 

^ I Ci+q)(i+q’)<i + q*) .. | 

8, k' = ( q— q) C1— q») (1 — <q‘) •• |* 

l (t+q) (H-q 1 ) («d-q*) • • / 

sk _ I (i — q-)(t— q«)(i — q») ■ ■ 0+q) d-H 1 ) d + q 1 ) • i’ 

1 e ~ [ (t-q)(l-q’)(l-q*) . . I 1 (1 + q’Kl + q')d + <l‘) • I 

‘ * V ^ ( (t_q*)(t_q-)(l-q“).. / 
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II) 

IS) 

IS) 

E formulis 7), 8) sequitur aequatio identica satis abstrusa: 
i*) {d-q)d- q’)d— q*) • •}' + iSq^d+qW + q^d + q") • }* 

{d+q)d-M , )d+q , )-}‘- 

37. . • ‘ 


*k'K | (l-qHl-OCl-V) •• |* 

* \ d + q)d + 'l')d + q’) • • I 

t/r.K *r- f d-q^d-q^d-q") • • t* 

* V ’ X (i-qHt-q^d-q*) •• / 

SV^K ) (t-q’)tl— q«Xi-q*) ••• t* 

* I d+q’>(i + q')d+q*) • - I 


V1|UU uui iuui 


Vidimus supra, ubi de proprietatibus 
tato k in -i-, abire K in k (K-4-iIv)> K' iu kK'; porro fieri: 

sin im |k(, = cos eoam (u, k',) 

cos ani ^k u , - - -- - j = sin eoam (u , k*) 

A atn (i. n, = — - rr- . 

\ k / A atn (u, k) 

(Commutatis inter se k et k', hinc sequitur, ulii k' iu -G seu k ili abeat, simul abire 
K in k' K , K' in k' (K' -4- i K) ; porro fieri : 

/ii ik \ 

sin ani | k u , — - 1 — 

Jk \ 

cos sm | k u , — — I : 

A, m (k«.4-)' 

unde etiam: 

“ ( ku ‘ J r) = T~ 


; cos eoam u 
: sin eoam u 

/ 

«M 1 , 

^ am u 
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— »K' 
K 


At mutato K in k K, K in k(K -+-iK), abit q=c in — q, unde vice versi» Quit 

THEOREMA L 


Mutato <| in — q abit: 


■ k 

T" 


k' ia 


K in k' K. K' in k' (K' + iKJ 

2 K» . !Ki 

■in »m «n cob eoam 


tK. . . JK. 

cob sin in Bin eoam 


A am 


SKi 


SK i 


2Kx . n t Kx 

am ■ m — • — eoam — 

ir 1 


mutato simul q in — q, x in x, abit: 


!K< 


*K, 


2 K* , 2 Kb 

»in am in eo» am 


tKx , , 2K < 

eo* am in sin am •- ■ ■ 


2 Kx . I A 2 K\ 
-1 am — in -j- A am 

?r a m 


Inquiramus adhuc, quasnam Functiones Ellipticae, mutato q vel in q' vel i M 
/q , subeant mutationes. 

Vidimus supra. Modulum X, per transformationem realem primam n’* ordinis a 
Modulo k derivatum, ea insigni gaudere facultate, ut sit: 

A’ K' 

53 n “ir 1 

K*» . 

unde mutato k in X, abit q = e K in q". Idem, a nobis de transformationibus 

M 2 
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imparis ordinis generaliter probatum, iani «ludum a Cl. Legeodre de transformatione se- 
cundi ordinis probatum est, videlicet posito X = fieri: 


A = |i±iljK. A' = (l + k’;K\ 




unde videmus, mutato k in 


abire q in q\ Ilinc vice versa obtinemus 


l-k' 
l + k' 

THEOREMA II. 


„ Mutato q iu q’ abit k in k m k.- 


unde etiam : 


. . . * .A' 

1 -f-lc in 

s 

,0 l+k' 

l+k' 

k' K in A' K 

1 — k in 

*k' 

l+k' 

• k 

l-f-k' in 

(1+AV 

l+k’ 

l+k' 

Vk.Kin 

1 — k' in 

o- A')’ 

i+k' 


Kx inversione huius tlieoremali.s obtinetur alterum 


T II EOIEUA III. 

„Mutato q in /q, abit k in , K in ( I — l- k) K,“ 

unde etiam: 


V* in . 

1-k 

1-f-k in 

0 + A)’ 


l + k 

i+k 

/'k' in 

V 

1 — k in 

0- A)’ 

l + k 

l+k 

kK in 

S/A.K 

l+k* in 

2 

l + k 

V"k'K 

in k'K 

1 — k' iu 

n 


Ouac tria theoremata evolutionibus §§. 35. 36 propositis multimodis confirmantur, suam- 
que in sequentibus frequentissimam inveniunt ajtplicationem. Ouippe quorum ope vel 
ex aliis alias derivare licet Ibrmulas , sci aliunde inventae commode confirmantur. 


t 
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38 . 


Quautitates, iu quas posito q m loco q abeunt k , k', K, designemus per k'“", k* 1 "'', 
K' ,m , ita ut k‘“’ sit Modulus per transformationem realem primam n H ordinis erutus, eius- 
quc complementum k 1 ' 1 "’. Ponamus in aequatione: 

r^ = I (l-q)(l-q')(l-q>) (!-,’) ■ ■■ )■ 

t (i+q){t+q'Kt+q‘)(i+q’) • • • / 

loco q successive q’ , q 4 , q% q“, cet. , prodit facta multiplicatione infinita : 

= I {»-q 4 )(i-q«)(»-q-){i-q 4 )..- i 1 

l d+q’)d+q 4 )(i+q*M 1 +q 4 ) • • • I* 

at invenimus: 

I (i— q*)(t— q*)d— q*)(t— q*) */Tk 

t (l+q*)(t + q’)(i + q*)(l+q') . . . I ~ n 

unde: 

SK fV'* 

„ — = y/ P • 

Cum sit k <,, ’= , fit ex l): 

/*K\*_ l tvV */'k r *i r t/F* 7 " */'k 77? ' 

* • / = 7 i+F" t+k"'’ ’ i + ' i+k< , >' " 

unde divisione facta per l): 

*K * S t * 

' v 1 + k’ ‘ 1 + k'*’’ ‘ l + k'*'' ’ l + k"’ r ' ‘ ‘ 


Quae etiam co obtinetur formula, quod sit: 


*K 

fX"> 

s 

n 

K 

• 1 +k* 

*X"> 


s 

tr 

n 

■ 

t K <4> 

t K m 

t 

ir 

ir 

'l+k'"' 
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tK ,m> 

unde cum, crescente m in infinitum, limes expressionis — - — sit !, facto producto in- 
finito pro<lit 2). Posito: 

■i k 1 ., !•=* k' . - i. • 

. u , r 

m = ' , n = y m n 

_ m' + n’ , /*— T7 

— — , ii = y m n 


2 

m" 4* n " 


n = y m n 


fit: 


k'*' = 


k"»' : 


k'- = 


uude : 


*/r 

n' 

l+v 

m 

JyTioT 

a* 

1 + k-' 

m 

* 

n" 

l+k<*>' 

iii 1 ** 

£ 

m' 

l+k’"' 

: m » 

m 


•“ !’ < i 

i’ l’ . i ’ 


: * • l 


ideoijue: 


• -}• ! 'J 


2 K. m m m m 

re m m” m ** m 


seu designante /m limitem communem, ad (|uem m' 1 ", n 1 " convergunt, crescente n ir. 
infinitum : 


i . -i 


£K 


l> . ;u. ■ . i • • 1 1 • 


Ouae abunde nola sunt. 

Ponamus rursus in formida : 

£K> 


A am 


(l-p£qc.o»£*+q , );i-t-£q 1 co» £« + q l ’)(l-t -£q l cin£'H -q‘' 1 ) ■ . 

* (1 — £qcoi£l-t*q , )(l — £q'co«£«-(-q‘){l--£q , c<>j£'(+q , ‘’) . . 
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loco q successive q 1 , q*, q*, cet. ; sit porro: 

s = n. m ( 2 £lL, ( 4 ^ >)*«.(- 

Facto producto infinito, cum sit: 


'I-' 


sy k k 


_ J " knv i,.-** ... , 


oblinemus : 


g _ 2 /VK (i-+-2q t co*2x*4.q 4 )(i+2 q 4 cox2x + q*)(l 4-2q*co»2x-j-q 11 ) .. . 

it (1 — 2q 7 co»2x + ’ 2q % C4>«£*4-q*)(l-*s i q* c0* 2 1 4“ q 1 *) ••• 


Iam vero e formulis: 


2 q*inx(l — 2q* co*2 1 + q 4 ) (t — 2 q« cox2x +q") (1 — 2 q* co$ 2x -+-q'*) • • • 

v ‘k (1 — 2q co»2 * -j- q 1 ) (i — — 2 q» co» 2* •+■ q*°) . ♦ ♦ 

‘ ' I . 

9 V - 


2 / — V qcoxx(l + 2q g co»2x + q 4 )( 14 - 2 q 4 cos 2 x 4 -q»)(l-f 2q*co»2x + g 1> ) ... 

V ^ (i — 2 qco#2x-f-q’) (l — 2q'coi 2x4-q*)(l — q* co* 2 x -f“ q K ') , . . 


obtinemus : 


1 lang . x(l — 2q*coi 2i-f-q 4 ) (t — 2q 4 cos2x-f- q*j (I — l 2q 1 'co»2 x -f* q W ) 

Vk r ” (1 -f 2 q 7 cos 2 x + q 4 ) (1 + 2 q 4 cos 2 < +y> (I' + 2 q* cos 2 x + q* 4 ) . . ~ * 

unde prodit formula memorabilis: 


4) tang i = 


Ut eandem per formulas notas demonstremus, advocemus formulam pro trauslbrmatione 
secundi ordinis, qualem Cl. Causa exhibuit iu Commentatione inscripta: „ Determinatio 


slttractioni* " cet. : 


IK. (l+k'»>),i 0 ,m(-*^, 

* “ t + k'*w.«,(J£X y.») ' 
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quae lirevitatis causa posito: 

Mi ^ . k«“'j = $><"<', ■ A am p K _ — - . k«">| = A'*", 

ita exhibetur: 

»nV— i^.k' , 'rin* $i*' ’ 


uiule etiam: 


COS <p a B 


*<*> = 


•g f = 


coi <p"’ A-“ 

1 + k'*» .in' I P“' 

1 — k<'> 

1 + k>" .in' $«" 
(1 4- k<») tg »■" 


I 


Formula postrema ita quoque repraesentari potest: 

tg <P _ *g $'** 1 

*K »K<" A"> ’ 

1f ft 

unde loco q successive posito q‘, q‘, q’, quo facto k, K, (J) abeuut ia k‘”, L *, 

k ,,, > K'", K 1 ”, K'*', $>'*', $>'*’. .... obtinemus : 

i 

tK"’ — g K"* ' A'“ 

t r n 

tg <&■«' tg»-» i 

*K'*> gK«" ‘ A‘" 

sr n 

ig^<« _ tg»»* 1 i 

JKIfl Igllll ' 

TT W 


lam limes expressionis 


ig»"“ 

SK'H' 


tr 


M) 

*K'V' 
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crescente p in iuCnitum, fil 


Ung t ; 


tum enim fit k ,!> ' = 0, K ,p ’ = -j-, ani (u, k) = u; unde iam lacto producto infinito 
et posito, ut supra, S = A 1 ’’ A**’ A"‘ . . . , prodit: 

>g 0 _ » 


SK 


(juae est formula demonstranda. 
K formula : 

Slg <? 


ig i = 


SK 


Algorithmus non inelegans peti potest ad computanda lnlegralia Klliptica primae speciei 


indefinita: idque ope formulae, probatu facilis: 



&*' - 

S (& + k') 

V u+io(i+a) • 


Quem in finem 

proponimus 




T H E O R E 31 

A. 

Posito 

/4= 

— Z — 4 . 


t 

/ /" m m 

Coa + dd Sin <£’ 



f m m 

Cos $* -f- n n Sin <P = A , 


formentur expressiones: 



m n 

# 

Z' m 0 =s n 

j m m (il -f- n) 

2 


r ">+4 

m* n’ 


3 

11 

3^ 

t> 

II 

/ u/ m* (&,'+ri) 

2 


1 "«'+A' 

m" + ° 


r— 

y m n ac n A — 

j *»i" m"* ( + n"j 

s 



! m" + A" 
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designante f» limitem communem, ad quem quantitates m' 1 ", * v ' cresceute p ra- 

pidissime convergunt , erit : 


1»«*^* = m" . . . " ' ‘“ g P ' 


lixlem methodis, quilms in antecedentibus usi sumus, invenitur etiam valor 
producti infiniti 

tV' q g*/T* «VT* 

,/~k /~k 77 i V^V 77 ’ /* k‘” 

Ouem in finem allegamus formulas §.36, 4), 5): 

tVT 

5(i+<o<t+<t , )(t+3’H 1 +3’) • • ■ | 


[(t-H’)(t + -t 4 )( l +3‘)< l +3’ ) •••}’= 4 ^jT/Y ‘ 

quarum posterior e priori nascitur loco q posito successive q’, q\ q* cet. et facto pro 
ducto infinito, unde obtinemus: 

k _• «yv_ «*/? , «re_ 

s/Vv^T /k^oVo 7 ' / k"» / k< ” k ' ,T 

Iain vero eruimus l): 

SK /y*v k<«v k<»v . . 

— = v V 

unde: 

/r gK tvr «w «•/? 

5 > ■ * /T / k<«> /* **' 

Ouae beet aliena videri possint ab instituto nostro , cum nec elegautia careant , 
maguopere faciant ad perspiciendam nataram evolutionum propositarum, opposuis» 

iuvat. 
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EVOLUTIO FUNCTIONUM ELLIPTICARUM IN SERIES 
SECUNDUM SINUS VEL COSINUS MULTIPLORUM ARGUMENTI 

PROGREDIENTES. 

39 . 


E formulis supra traditis: 


1) sin i 


2Ki 


2} cos am 


iVX 

—— r = — ,,n 

*/i~ f k 7 


( 1—2 q* cos 2 x q*) (1 — 2 CJ 4 COS 2 X q") (1 — 2 q‘ cos 2 x 4“ <1*’) 


(1 — 2qcos2x-f-q*j(l — 2q' — -2q* cos 2x-f"q'°) 


(l-f*® q* COA 2 x -f* q*) (1 -f- 2 q* cos 2 i -f- q*) (l -f- 2 q* cos 2 x -f- q**) 


— 2 q cos 2 x -f- q*y (I — 2q l co*2t-J- q*)(l — 2q* co»2x -f- q 10 ) 

2 K s /~rr (l-fgqcostx + g^l +gq»coi2x-f-q«)(l-f-gq>cos2x + q tfl ) 

) am ^ es ^ — t q co*2x -+*q a )(l — 2 q' cos 2 * -f- q*) ( l — 2 q* co* 2 x -f. q‘°) 



Z IV x 

it f 1 — sin s (1 — 2q «in*-f-q 7 i(l — 2q’sinx-f>q*)(l — !q siai*f q') ... 

2 K x ~y l + sinx 


(l+2qsin*-|-q , )(l-+-2q , sms-f.q^(l-|-2q»7iti*-f-q'*) . . 


q sio s + l)(l — i|/"q‘sini-t-l , )(l — * + • • . 

(l + *7~ <| sins + iiKI + ll/^sins + q^Cl^-* */^j>sini^-ij*) . . . 


logarithmis singulorum factorum in altera aequationum parte evolutis, post reductiones 
obvias , sequuntur hae : 


6) log sin am - 


2 K« 


log 


7) log cos am - 


2Kx 


8) log A am 


2Kx 


9 ! lo g . 


1 -f- sin am ■ 


1 — sinam * 


2 K x 


q sio 1 \ , 

2 q cos 2 x 


2 q* cos4i 


2 q ' cos 6 x 

/r ’ + 

i+q 

T* 

*(‘+q’) 


9(l+q’) + " 

f* ) . 

2q cos 2« 


2q’coslt 


2q' cos 6 x 

f k tMx l + 

1_H 


*<« + •!’) 


3(1-1') + "* 


4q c«*2 x 

J. 

4q*cos6x 


4q*cos 10 x 


l-q’ 


9(t— q*) 


Sfl-q"') + ’ 

/ 1 + sin x 

* l/ : 

4,.io 

x 

4 q 1 sili 

3« 

4q* sin 5 i 


N a 
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SK 


10 ) lu«. 


I-Unw— q/frlin», ~ 4/y.i B 5« 


SK 




‘A’ 


_ N , S(i-W) 5(i-qV 

1-4-ksinani- \ \ 

Quibus formulis ditferentiiitis, ubi aduolaimis Ibrmulas differentialcs proltalu faciles: 


d . Jog sin am • 


!Ki 


2 k' K 


2 K * 


2Kx 


d . log co» am • 


2 Ki 


da 


2K 


2 K » / 4K« V 

« 2K | * m w 1 

t K i ~ u '^V * / 


d . log A am 


2Kx 


da 


2 k*K 


tK* , 2K. 

- sio coain — 


d.log 


1 -j- )in am * 


SK i 


1 — »in am 


SKi 


2K 


Ui 


d.log 


1 -f* X >io am - 


SKi 


1 — k amam 


SK « 


SkK . SKi 

. mu eoam 


eruimus sequentes : 


SK i 


II) 


Sk'K 


SKi 


= colgi 


4 q siu Si 4 q 1 sin 4 i 4q'«n6i 

1 + q 1 + q’ t + H’ 


«) 


SK 


SKi 

it 4qsinSi 4 q 1 liu 4 1 4q 1 sin6i 

___ = 1( )+ -l-_ + -^r- + 


Sk* K SK 

13) . ita am 


i . 2K x dqsinSx SqHinSx 8q*»ini0* 

- - — = -CT- + -rr?" + + • • 


■.>. i f ,.i h x • 

•_ ' : . -- rr **** — 

m. K ;► *• ' J 


, :,.4 < 

r : i • /« > 


>r 
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14) 


*K 


* ♦ q cos i 4 q' cos 3* 4q‘coi5i 

SKi coii 1 — q 1 — q' 1 — q 1 


_ fkK, , 2 K x 4 |/^q" cos x 4 ^q^cosSx 4 V q*co»5t 

15) . »m eoam = ... — — - — ! + «- - 


16) 


1 — q 1 — q» ' 1 — q* 

L'i>i io hi» formulis loco x ponitur y x , eruitur : 

*K. 

cos eoam — » ■ 

2k'K w 4 n sin 2 1 4«i’*in4x 4q'*in6x 

■= •«* h— +~ r-rr, h~zr~ + 


IKi 


i+q i+q’ t+q‘ 


i 7) 


*K 


8K« 

ff tqiioti 4q’»in4i 4q'»infii 

___ =co , g , + 1__ + 


1 ») 


2K 


1 . +q iSm 4q’»3n3x 4q l »it»5t 

SKx sin* 1 — q 1 — q* i— q 4 


* kK 

19) ■ ■ — • sin am 


2K « 4 v^q* sin z 4/V sinSx . 4/V sin 5 x 

“ 1— q * 1 — q* 1 — q' ^ ‘ * 

Formula ts) ponendo — x loco x immutata manet. 


Mutando q in — q e theoremate 1. §. 57 formulae lt), 12 ) in 17), 16) ab- 

eant; 15) immutata manet; e formuli» 14), 16), 18), 19) obtinemus: 


5 ») 


HK 


4 q cos x 4q 1 cos3x 4q 4 co*6t 


tKx 


1-f-q 


1-q 4 


!+q‘ 


+ - * 


- 2kK tKx 4y^<rcosx 4y q^cosSx 4y l ^q 4 cos5x 

fl) cos am — : — J -f- — - — - — ; f- — i — * 4. . . 

ir » 1 + q 1 + q' 1-f-q’ 


*} 


2k'K 


rr cos eoam 


1 4 q sin x 

tKx siax 1 -f-q 


4 q' sin 3* 4q'iin5x 


i+q 1 


i+q» 


^ fkK IKi q sin x 4 yn 1 sin St 4 /* q 4 sin 5x 

23) . cos eoam = — 1 — ’ — - -4- — — 

n it 1-fq 1 + q' 1+q» 
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Formulae 19), 21 ) per evolutiones uotas ex iis etiam facile derivari possunt, 
quas supra attulimus §. SS. 6), 7): 

2Ki ** ... _ t /'7( , +q)_ . q'^+9 1 ) . /Vo+q*: 


* _ _*JL • l v q(‘+q) , V ■i‘q+s‘) . v . \ 

kK ,,n *\ 1 — tqco»*»+q* t — tq’cotti+q* 1 — tq^cnti+q 1 * / 

/ /"q(l — q) /V(> — q*) /V(t — q’) _ \ 

\ 1 — 2qcoiS« + q’ 1 — #S(‘co»i»-t-q" 1 — f q 1 eo» 2 1 q“ / 


2K« _ 2* 
” 1K 


E formula 9) §• 35: 


IKi 


± , *f t Aret 


* Arc, ‘ ((£$'*’) + ,Art '*((SJj'«*) - • 

sequitur adhuc: 

tKi 2q»in2« 2 q*iin«» gg»»io6» _ 

«) >m— - " + l + q< + 2(l + q*J S(t + q*) 

Eandem enim pro signi ambigui ratione ita repraesentare licet: 

+ , + 2 Are tg . * Arc * ‘T=v“ + >Arc ' 6 - ‘^1 ' . 

— 2< +*» — f* + ■ • . 

siquidem brevitatis causa t = tg x . Fit autem : 

. . (H-q)t . ... I (i+q)t-(«-q)« \ _ 

Are, « — t=it ~ ~ M i-, + (r+,r.T/ - 

f *q' ) . I q«»*« i * • 

ArC '* '\iq-il — q(t — tt) I ” *’t 1 — qco»2i 

, !Ki 

unde am = 

rr 

q sin 2 * . q 1 ainSs q*«n*« 

X 4- 2: Are te - * Are tg . — — + * Arc tg . — ... 

^ * 1 — -qco*2i i — q*cos2* 1 — q»cos2* 

sive cum sit: 

q «in 2 * . A . q* sin 4 * . q»»in6* 

Arc *« * , = q ■* + i “* 3 


1 — q cos 2 * 


Cl 8K* 

fit am = 


2 q sin 2 * 2 q* sin 4 1 L 2 q »sin6i 

‘ H J+? h *d + q*) + 3(1+9*) 


1 
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quae est formula 24). E cuius differentia tione prodit: 

25) — Q,n, tK * - 1 + «■t 80 ** 1 + *S*to»4, «q'co.6, , 

* * i+q’ i+q' i+q' 

unde etiam , posito — q loco q seu x loco x : 

3k f K f 4 q co«2i 4q*cos4x 4q’co*6x 

* m fKl *+q a + i+q* + * ' 


K i or mulis proponitis, ponendo x = 0 vel aliis modis facile eruuntur sequentes: 


log k = 

4,1 

.+ 4<I ’ 

♦q’ . 

4q* 


6 * i . . 

*+q 

*0+q*> 

»(i+q*) 

4 (l + q') 

— Ior k' — 

8q 

8q* 

+ 8q ‘ i- 

8q’ 

6 

l-q* 


5(l-q») T 

7(t— q 1 *) 

i 1K 
n 

*q 

i+q 

-+ 4q ’ 
*0+q’) 

+ 4S ‘ + 

5(l + q*) T 

4q’ 

7(1+ q 7 ) 

f K 

- t + 4,1 

4q ' -l 

4q ‘ +* 


n 

i-q 

i-q* + 

1-q' + • 



= i + _ii_ + . 

4q ’ i 

•q’ . 



+ l+q* + 

i + q' 

l + q' 


2 k K 

•V*? 

*/"q’ 

*/v 


n 

1-q 

l_q. + 

1 — q» 



= ±£L + . 

*/V | 

4 /q* 

- 


i+q + 

1 + q» * T ’ 

l + q' ^ ■ 


2k'K 

= i__il_ + _ 

4q» 

«q* . 


•n 

i+q + 

l+q* 

i+q* + 



= i 4q + - 

♦q’ 

4q ’ t 



l + q* + 

l + q' 

»+q* ' ' 


i/Tk 

- 1 4q ’ + . 

4q' 

4q» 


ir 

i+q* + 

i+q* 

l + q» 



-t- 4q ’ +. 

♦q* 

4q * , 



i+q' + 

l+q' 

i+q" + ' ‘ 


4KK 

s l + ® q + _ 

16q* 

24,' , 


irw 

^ t_q + 

l + q’ + ‘ 

1-q' + 



-1+ ^ + - 

- 8, ‘ 1 

8q’ 



(1-q)” 

(i+qY ^ 

(!_,')* • 
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9 ) 


10 ) 


11 ) 


1 *) 


IS) 


4kkKK 

16q , 

48q’ 80q> 

+ *• 

*ri» 

1 — q' 

1— q‘ 1 — q 1 * 

= 

16 q (l + q’) 

(t-qV 

. Wq’d+V) . 
(t-q*)’ 

16 q- (I + q") 
(i—O' 

4 k' k' K K 

8q . 

16 q’ *4q> 

-t- . . 


i+q t+<t' i-M‘ 


. _ 8 q , 8< t' 8 q* , 

W+V) U+qY U+qV ^ ' 

4kk'KK */T 1*/V *o/V 

frir ~ l + q l+q* + l + q' 

*/T(i + q) . 1/Vfi+q 1 ) */qVi±32 . 

(t+q)" (t+qY (t+q')’ 


4k'KK 

I + 

16 q* 

84,* 

_ 1 _ 

it ir 

t + q* + 

t + q’ 

t+q* 

I 


-l 8q ’ + 

8q« 

8,- 

. 4. 


(t+qV 

(t+q*)’ 

<t+q*)' 

t 

4 k K K 

*/T . 

«/V . 

»/V 


!T« 

t-q + 

l-q. + 

l-q* 



♦ V q (t+q) . s/Vti+q') */V(i+q‘) 
<i — «0* (i-q 1 )’ + Ci-q*)* 


Formulas 4)- 13) duplici modo repraesentavimus; facile autem repraesentatio altera ei 
altera sequitur, ubi singuli denominatores in seriem evolvuntur. Adnotemus adhuc, se- 
cundum theoremata §. 87 proposita e duabus ex earum numero, 4“ et 8’*, derivari posse 
omnes. Ponendo enim -f i| loco q , cum abeat K in ( 1 -4- k) K , subtrahendo e formula 4) 
prodit 5); deinde ponendo — q loco q, abit K in k'K, unde e formulis 4), 8) pro- 
deunt 6), 10); 6) immutata manet. Ponendo q’ loco q abit k'K in /~k' K , unde e 6), 
10) prodeunt 7), 12). Ex 8), 10), quia kk -+ k'k' = 1 , prodit 9). Ponendo 
loco q, abit kK in 2i/~k K, unde e 9) prodit 13). Ponendo — q loco q, abit kK 1 
in ikk’K K, unde e IS) prodit ll). Ceterum pro ipso Modulo vel Complemento eu- 
modi series non extare videntur. 


1«) 


Formulis propositis ad dignitates ipsius q evolutis, obtinemus: 

, — 16 *4 5* 5 iS 56 

log k = logi/ q — 4q + 6q’ — yq* + Sq' — — q‘ + 8q‘ — yq’ + — q* _ — q* + — q>« . . . 


15) — logk' = 


5* 


48 


64 


104 


96 


3-q' + T q‘ + 7 q’+-q- + TT q , >- 


11 * 


19* 


-q» J 

15 1 T 15 1 
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tfi) 

1 2K 
Jo 8 

vt 

= 

17) 

2K 


ir 


18) 

2kK 


■x 


19) 

2 k' K 


ir 


20) 

tfVK 

X 

= 

21) 

4KK 


tr?r 


22) 

4 k k K K 

•xir 

= 

29) 

4 k' k' K K 

•x n 

= 

24) 

4 k k' K K 

rt sr 

= 

25) 

4k'K K 

sTsr 

= 

26) 

4 k k K 

ss 


* q _ 4,- +L%. -4,* + =,._ + “. « 


£4 


16 


Si 


10 


1 + 4, 1 + 4< T + 4 q' + 8q' + 4q> + 4 4* + «I" 1 + 8q" + 4q 14 + 8q" + 4q" -f. . . 

<)+8/" q' + 4V r q* + S(/~q>> + s/~ q*’ + li/^J» + 8/^+8y r ^+ . . 
I -- 4 4 + 4 q’ + 4 <1* — 8q' -+■ 4q’ — 4q 4 -t- Sq 14 _ 8q" + 4q* 4 — 8q>’ -f. 4 q** . . . 

I — 4q* -f- 4q 4 -f* 4q’ — 8q’° *f- 4q 14 — 4q'* 8q ls — 8q*" 4q'* , . . 

1 + 8q + 24q ! + Siq' + 24q 4 -+- 48 q* + 96 q> + 64 q’ + 24 q 4 + . . . 

16 q + 64q> + 96q* •+■ 128q’ + 208q* + l94q" + 224q” + S84q'* + . . 

1 _8q + 24q* — S2q’ + 24q 4 — 48 q' + 96q 4 _ 64 q’ +24q' . . . 

4v q — 16\/ q’ + *4V q* — S2/"q7 -f- 52y q" — 48y‘ 56y~qi> _ . . . 

1 — 8q' ■+■ 24 q* — Si q* i4q' — 48 q‘” •+• 96q!’ — 64q’ 4 -f- 24q 14 — 104 q’* . . . 

4 /V+ I6/V+ * 4 /" q* + Siy^H- 52 f' q* + 48/V* + S6»'^i + . . . 


Quarum serierum lex et ratio quo melius perspiciatur , denotabimus cas signo sum- 
tnalorio 2 l termino carum generali praefixo. Statuamus, p ess c numerum imparem , $ (p) 
summam factorum ipsius p. Tum fit : 

27) loffk = log4V q — 4t^ELjq2 J q> p — i-q*l> _ AqUP — . .j 

28) — logk' = 8 E qP 

r 

29) log — = 4 E J?i!!L|qP_ ,’P _ , 4 P_ q>P_ ,> 4 P _..J. 


Porro sit n numerus impar, cuius factores primi omnes formam 4 a - 4 - 1 habent , 
merus factorum ipsius n; ), m numeri omnes a 0 usque ad 00: ohtiuemus: 


SO) 


2K 


+ 4EiK»)q 


2’ 


(4 m — I)' n 


4>(u) 1111- 


0 


Digitized by Google 



106 


(4m — 1)* n 


9« 

»*) 

99) 


ST) 


2kK 


TT 


2 k'K 


it 


s/Vk 


k 


signante p 

4KK 


irir 


4 L k K K 


re rt 


4k'k’KK 


itet 


4 k k' K K 


re re 


4 It' K K 


rtrt 


4 k KK 


irir 


4 t >Ko)q 


(4n._l)*n , . * U, (4m-l)’ n 


+ *£«Kn), 




■ * - 'H») q 


Designante p rursus numerum imparem, <J> (p) summum factorum ipsius p: fit 

») = t + 8E?!( P ){qy+Sq«V + 3q*P + 8q*P + Sq»r + ..} 

Ulllk’ 

99) 

96) 

irir 

p— 1 


= 4£<-l) <f(p)/q 


38) = l+8E<f>( l >){-q , P + 3q'> , +3q*I , + Sq"‘> 1 + Sq'’'’ + 

39) = 4E*(p)v'V. 


Demonstremus formulam 27). Invenimus l): 
lo(g k = log 4 V q — 4 <l + — — 


4q> 


i+q *(t-t-q*) »;i+q') 

quod ponamus = log 4v^q" 4-4 1 A“’q*. Sit x numerus impar p = m m', «? quovis 

termino -5- — — . prodit — — , unde constat, fore A ,p ’ — — — . laru sit s 

* m' p 

numerus par = 2'p= 2 1 m ni : e terminis 


-q" 


'"(l + q"’) *m(I + q , «») 4.n(l + q*“) 8m(l + q"“) 


+ • ■ + 


q’ 


i>m(I+q* “>) 


provenit 


_2l L _L 1 , 1 ) »<t* 

m t ~ 2 4 8 *'“• ■*" *‘J ~ *'ui ’ 

unde A'*’ _ i^iZL, 1( ] ,j U(K l formulam propositam suppeditat. 
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Demonstremus formulam 30). Invenimus 4 ): 


2K 


4q 


4q’ 4q* 

T^r + TT? =1 + * E A ‘ l ‘'i x 


it 1 — <j 1 — q* 1 — q* 

Sit B ,K ’ numerus laetorum ipsius x, (jui formam 4m + l habent, C ,x ' numerus factorum, 
qui formam tni+3 habent, facile palet, fore A 1X1 = B ,x ' — C‘ X1 . Sitx = 2'nn', ita 
ut n sit numerus impar, cuius factores primi omues formam 4 m+- 1 , n' numerus impar, 
cuius factores primi omnes formam 4 m — l habent, facile probatur, nisi sit n' numerus 
quadratus, semper fore B“" — C"° = 0, ubi vero n' est numeras quadratus, fore B ,x ’ 
— C x ’ = B |X1 = if(n), formula SO) fluit. 

Postremo probemus formulam 34). Invenimus 8) : 

4KR. . . 8 i| I6q’ S4q’ 8?q’ 


‘ + 


1 — q 


t+q’ 


1 — q* 


t+q« 


+ . . = 1 + 81 A‘*'q*- 


Designante x numerum imparem, facile patet, fore A' x ’ = <J(x) ; ubi vero x numerus par 
= 2'p, designante p numerum imparem, quoties m factor ipsius p, e terminis 
( mq ,n 2mq’ m 4mq 4m 8mq' m 2 , mq ,,,n ( 

( r-q" + i+q ,m + 1+ q 4,n * W-q 7 ™ * ” * 1+q *'m f 

prodit 8raq"(l — 2 — 4 — 8 1 — . . — 2 1- ’ +- 2 1 ] = 24mq x , unde eo casu A 1 * 1 = 3<f>(p), 
id quod formulam propositam suggerit. Reliquae similiter demonstrantur vel ex his de- 
duci possunt. 


2K* zivx 

hxpressiones cos am — — , A ani , 


SKx 


tK~ a< ^ x evo- 

cos «m - - 
tr 


lutas , Coefficientem ipsius x' nanciscimur resp. > r(~~j > 

unde e formulis §‘ antecedentis 21), 20), 24) prodire videmus sequentes: 



40) 


41) 



•{ 



t + 4 



9/q* 

_ 1 _ . 


49 /? 


» l + q + 

i+q' 

T 

t+q’ 

l + q’ 

+ l ~ 

V~ q(t+®q+q’t 

£ 

l’(t+6q'-t-q") 

/^>(l+Sq* + q»; 

(» — q)’ 



(t— q')’ 


a-qv 

f q 

9q' 


25 q* 

49 q’ 


t i+q 

i + q’ 

T 

i+q* 

l + q’ 


q(t— 6q’+q*) 


(1— 6q» + q 

Q_ + . 

q*<l-6q*+q») 

(t+qV 



d+q*)’ 

T 

(i+q*)' 


0 2 
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**) 

ikl 211 V- 

. 16 / 4 . «4’ . . 94* . _ 

16q' 

1 _ 


( l-t-4’ + 1 + 4' + 1 + 4“ 

1 + 4' + 

7 


16 / 

4d + 4) 4'd + 4’) . 4*(l + 4‘) 

- + * 



1 t 

(i — q) 1 (1-4')’ (i-4*)‘ 



Ex 

his posito 

— q loco q obtiuemus: 



48) 


1 / /"7 9 /^p J5/V 

l 1 — q 1 •— q’ 1 — q* 

4y/ q’ 
1 — 9’ 

H 

44) 


_ , 4 I 4 __ 94’ , »4‘ 

49 q' 

. + . t 

\ * ; 

\ 1 — q 1— q 1 i — q‘ 

1 — q 1 

+ 7 

45) 

mfiiLl’ 

_ , fi ( 4 44’ . 99’ 

16 q* 


k M“r) 

l 1 + 9’ 1 + 4' 1 + 4“ 

1+4“ 

+ 7 


los It’ 

— - mutetur m 


V ir / l 1 + q’ 1-t-q 4 14-q 4 l+q* i 

Formulis 42), 44) additis, obtinemus i 4o)et45), 41) et 46) subductis obtinemus 

/ I k K «* / tVK k * .. / — , , ... m / Tk i' /«/'STkv 

( — - — I, I — - — I, e quibus posito resp. V q, q loco q prodit ( — - — I, | I; e 

. /4/TTTkp 

I — - — I posito — q loco q obtinetur ( f. 

Sub finem, posito k = sin $, evolvamus ipsum S = Arc. sin k . Vidimus, po- 
sito /q" loco q abire k' in ■ ; ponamus rursus — q loco q , abit k in , sive 10 

i.tang$; ita ut posito 1 /”cj" loco q, expressio ~ jf 
Hinc e formula 2 ) 

_ i M k - _ 8 4 . «4 1 . 8 <t’ , 

* 1-q* S(l-q*) 5(1 — q-^J T 7(l_q>«) T 

, _ 4 /V _ 4 / 4 * . */? 4/V 

1+9 S(l+q>) ^ S(l + q>> 7(l+q’) ^ ' ’ ’ 

facile transformatur: 

7) = Arc tg /T — Are Ig /V + Arc tg — Arc >g + . - . . 


eruimus : 

46) 9 = Arc sin 

quae 

4?) 


tjuae inter formulas elegantissimas censeri debet. 
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41 . 


Aequationem supra exhibitam: 


2kK . 2K i 
sin am — — 


«/a •ini ^ 4 y q>sin3i 


1 — q 


l-q> 



in se ipsam ducamus. Loco 2 sin m x sin n x ubique substituto cos (m — n) x — cos 
(m-t-n)x, factum induit formam: 



A + A‘coi2i -f" A" coj 4 1 + A"coi6i + .... 


Invenitur: 


A = 


8 q 


8 q 1 


8qi 


(l-q)’ (1-q 1 )* (l — q*) ! 

Forro fit: 

A 1 ” 1 «= 16B“» — 8D D ’ = sfSB’ 01 _ C" 1 ’}, 
siquidem jxmitur: 




B"» 


(i-q)(t_q*“*-) ct-q^Cl-q’ 1 '**) T (i-q*)(t-q* n+ *) 


4 - cet. iu ini. 


cio. _ 2 l. 2 4 . 2 4 - 4 . - 

(l-q)(t-q»"-‘) T (l-q‘}(t -q’"—j T (1— q')CI — q ,n_l ) ~ )(t — q) 

lam cum sit: 


qli+m gi. , q m q>u + ia . 

(1 — q m )(l— q*"* m ) = 1 — q a 11 ( 1—qOl ~ n /■ 


fit B‘“’ = 


i a ( i , s» 
t— q‘ u I t — q X — q» 


4. . t 

l-q* + ■/ 

V ( 1”*' •?**' q* n *‘ j 

1 — q* o \ 1 — q* 11 + > "I" l_ 9 >n + i i — T ■ -f’ 

sive sublatis, qui se destruunt, terminis: 

p„nA i" t t 1' 1’"- j 

I — q’“ l 1 — q + l_q> + • • + r 
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Porro fit : 


unde 


(l—i-Kt— q’““ 




_ = ■»" /_aH_ i 1 " -1 " . ,i 

ii) 1 — q-“ \ T T (■ 


*q B f q_ 

!_,•» | 1 — q 


q’"“ ( 


l_q‘«- ) 


|_q> 

Hinc tandem prodit: 

A" 1 * = sfiB"» — C<">) = ■J~. 8 - nq “ 
l i 1 — q’“ 

unde iam: 

' V * / « l t-q* l-q‘ ^ l-q* ^ I 

Simili modo vel cx t) invenitur: 

*) I 

siquidem : 


B = 8 


y * K,< 

B + g f 

. X 

/ 11 

- B + 8 | 1 — q* 

T 

B l q + 

q' 

l q ’ 

_i_ 


(1-qV 

(t— q’)’ 

i 

» 1 *t _i_ 

q* 

i q ‘ 

4. 

» C« + q)’ + 

(t+qV 

(•-t-q‘)’ 

i 


E noto Calculi Integratis theoremate fit, quoties 

$ x = A -f- A* co* t * -f- A" cos 4 x -f- A** co* 6i + .., 

terminus primus seu constans: 


A = <?><*). d*. 

0 

unde nanciscimur hoc loco: 


t , *K« 

B =: — | — ■ — I J co» 1 am — . «i « . 
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Ponamus cum Cl. Ltgendre 


e’ = / dipa«)) = HL f ' di , 

ir J n 


\ _ — AL ±!L *£ 

w it ir it 

u - — ul! _ ^ tk K j 

Hinc etiam, cum mutato (| in — q, abeat A in — B, K iu k'K, sequitur simul abire 


k' E 
Td in -£r. 


Ad notemus adhuc e formula l) sequi: 

») k qi*)%,i«(-J_ +_£*_ + J^_ + _±<L + .. i 

V * / ( i-q' l-q* t-q‘ 1— q’ / 

_ is f qtt-Hq-f q*) q , (l+*q*+g*) , g t (i+«q‘H-g‘°) 

l (!-,)• ^ (!—<,*)« ^ (I-q>)‘ 


unde etiam mutato q in — q : 

4 ) fc . V / «.r- 16 /_3 laL + Jli ±^L + ...} 

I * / l t-q’ 1-q* i-q* i— q' I 

_ 16 / q(>— *q+q’) q‘(t — «q’+q‘) . gqi— «g^g") ( 

I U+q)* (l+q’)* (l-q‘)‘ ‘•‘"I' 

Subtracta formula 4) a s), prodit: 

_ « £ | . q"(t+4q"+q”) , g'”(t+4q''+q K } . | 

“ I (l-q*)* ^ (t — q-)‘ + (T^FF + ‘ 'I 

quem etiam e 3), mutato q in q 1 , obtines. 
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42. 


Methodo simili atque formula l) inventa est, in expressionem 

(“/ 


SK i 


in seriem evolvendam inquirere possemus, siquidem formula 18) $. 89 in se ipsam du- ' 
catur. Id quod tamen facilius ex ipsa l) absolvitur consideratione sequente. 


Ktenim formula : 
SK, 

J . log sinam 


*K 


v *- 


(l + kk)<in 1 i 


SK , 


4" k k sin* ani 


SK. 


SK, 


iterum differentiata, factis reductionibus, olrtineinus: 
SK, 

dMc g «n. m — * K , 

J, — =(_J ) kk,.»,m-_- 


SK . I 


lam vero invenimus §. 89, 6); 

SK, , q k . . . „ | qco,*« , , q'co«6, 

log „ nlm __ = lo*(— ) + 


unde: 


2K i 


d* log sin am - 

- ss — 

da* 

Porro est $.41, l): 

/ SkKv* . , SK, 

| — | — I *m am - = 


1 g | q cos 2 s 2 q* ros 4* ^ Sq* cos6x ^ ( 


sin* i I 1 -f» q 




1-f q 1 


2K 2K !K 2E j qcosSi 2q’coj4* 5q , co»6s J 

it it it r i 1 — Q* 1 — q* 1 — ci* 
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unde cum e formula l) sit: 


»in* im - 


2Kx 




SK. 


d : log gin im 

di 7 


2Ki 


provenit, quod quaerimus: 

.. (")' 


2 K * 


2K tK 2K 2 E 1 ^ (q’ cot2i 2q 4 cui4i Sq*co»6x | 

rr m rr rr ir lin* x ) 1-q' 1 — q' I — q* ) 

• A 

• ir , x E * 

Mutatio simul q in — (j et x io x, unde K in k/ K , E .□ ~ §. 41, 

sin am in cos am abit, e 2) prodit: 

.. m _ 


2K* 


/ 2k’K k’ 2K 2 E 1 I q* co* 8 * 2q 4 co» 4 x 8 q* cos 6 x | 

' ir ) ff rr CO**x ( 1 — q* 1 — q« 1 — q* ' 'f 

His «tdiungo, quae facile e §. 4t. l) sequuntur, liasce: 

4, = 


2k'K \* 


am ■ 


2 K 

SE 

f qc°«*> 

2q' CO* 4x 

_A_ 

8q*co*6x j 

w 

flf 

+ > 1-,’ 

+ I-,* 


t_q* + • 7 

2 K 

se" 

») qeo»*« 

2q*co*4i 

4. 

S q* co* 6 x | 

rr 

w 

t l_q- 

1 — q* 

i 

l-q* ‘7 


quarum 6) e 4) sequitur, mutato x in x seu q in — q. 

Posito y = sin am , V^(l — yy)(l — k’yy) = R, fit: 


Aj SK 


. R 


^ = -(~)\<t + H.-*kV) 
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= fv - )'y (l + l*k k + k« - SOk'<l + k*Jj’ + *4k< )«j Ii 
(l + »kk+ k« — 60k’(I + k')y : + UOk«j*j R 
cet. , 


Cei. 


uiulc : 


y = sin atn 

i ileoque : 

(“); 


SK« tK» (l + k*) / !K> .» l + 14k* + k* / SK. i» 

tr ~ * t.S I n ) + f . 3.4. 5 i » / 


ain 1 atn 


SK 


r~TT + m(“)V + 


qua formula comparata cum 2), eruitur: 

- -i- + " ^ + 


«S* + 


1 — q‘ ^ 1 — q" 1 — q' 


sire: 


Porro fit: 


SK SE 


*q* + »q* 


4q* 

1 — q’ ' 1 — q‘ 1 1— q* " T l_q* 


t.S.* 


sive cum sit : 15 = 2.2* — 1 : 

* .# t 

(i_k-+k*)(— )*= i+s.ie 




16 


. 4. 

*’q‘ 

S* q* 

•f* 

4' q" 

. \ 

T 

i-q« + 

»— q* 

i q* 

+ T 

. -A- 

4* q* . 

6' q" 


8'q* 

. t 

T 

i— q* + 

i-q* 

T 

*— q" 

+ ' i 

+ 

**q* . 

S’q* 

+ 

♦'q* 


!-,• + 

i— q' 

i-q* 

1. 8): 





J. 

*< + 

S-q« 


4' q‘ 

. t 

T 

l-q« 

1 — q- 


1 — ,• 

+ .J. 
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fit residuum: 



unde etiam, mutato q in — (j : 


8 ) 




+ q 


+ _l£_ + 

+ 1-1* 


s 'q’ 

i+-t’ 


-±SL + . .\, 

i-q» I 


quae difficiliores indagatu erant formulae. Quas si iis iungis, quas supra invenimus, 

?K StK 


iam ijuatuor primas dignitates ipsorum 
habes. 


in series satis concinnas evolutas 


FORMULAE GENERALES PRO FUNCTIONIBUS 
. „ *K* 1 

«in am , -x 


IN SERIES EVOLVENDIS, SF.CUNDUM SINUS VEL COSINUS 
MULTIPLORUM IPSIUS x PROGREDIENTES. 


43 . 


Inventis evolutionibus functionum: 


SK» 


SK* 




SK* 


iam quaestio se offert de evolutionibus ahiorum dignitatum ipsius 

SKx 1 


SKi 


peragendis. Facilis quidem in Trigonometria Analytica via constat, qua, evolutioue in- 
venta ipsorum sin x , cos x , progredi possis ad evolutionem expressionum sin” x , cos” x ; 
nimirum id succedit formularum notarum ope, quibus siu"x, cos”x per sinus vel cosi- 
nus multiplorum ipsius x lineariter exhilientur. At in theoria Functionum Elliptica- 

P 2 
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rum illud deficit subsidium ; nd uliud confugiendum erit , ipiod in sequentibus ex- 
ponemus. 

Formula, quae ex elementis patet: 

d •»O u im u /\ , . , 

■ = n sin" - ' »m u y 1 — (1 + * k)nn im u -f- k k mi ani u , 

du 

iterum differentiata, prodit: 

d*nn n am u 

1) — , = n(n — l)»i« n-? am u — nn(l*f k’)iin u am u «p n(n-p 1) k**iu“**ain u. 

Posito successive u=l, 5, 5, 7 n = 2, 4, 6, 8.., hinc duplex formetur 
ar(jualionum series: 


I. 


d* siu am u 

dii 3 

d* sin'am u 

di? 

d* sin* am u 

dii 3 

d’ sintam u 

TU 3 


d , sin , am u 

di? 

d* sin 4 am u 

di? 

d* sin* am u 

di? 

d’ sin* am u 

di? 


— (J +k’;sin «n u 2k* lineam u 
6 sin am u — 9 (1 -p k*) iin l ain u «p 12 k 3 sin 1 ani u 
20 sin' am u — 25 (1 -p k*) sin* am u -p 50 k* sin* amu 
42 sin' sm u — 49(1 -pk’)»in ? am u •+* 56 k* sin' amu 

cet. cet. 

ii. 

2 — 4(1 -pk*)sin , am u p 6 k*sin 4 am u 

: 12 sin* amu — 16 (1 -p k : ) sin* am u «p 20 k’ sin* am u 
30sin*amu — 56 (1 + k*) sin" am u -p 42 k* sin' am n 
: 56 sin* amu — 64(l-pk*)sin"amu -p 72 k 1 sintam u 

cet. cet. 
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Kx aequationibus 1. eruis successive, posito nn = 1.2.S..n: 

I. a. 


II S . k' ain 1 ani u = — — - + (l + k*) sin ain u 


11 4 . t* sin 1 ani u = 


du* 

d 4 . sin ani u 
d u 4 

d* . sin am u 


+ lO(l + k J )- - — + 3{3-f-2L I -f*3k 4 ) sinam u 

d u’ 


ne . k* sin 1 uo v = , - + 95(l + k*) + 7(S7+S8k* + g7k») -f- 

du 4 


d u* 


-f- 45(5 + Sk*-f-3k 4 +5k 4 )sinam u 

* , 

d 4 . sin am u 


ns. k' .ia- .n, u = JLSiSJ- + 8i(l + k>) ■ + 42 (47 + 58 1*+ 47 k-) 

(1 u* u u* 

+ 4 (3229+ SSI5 k* + 3315 k* + 3329 k*) 


du» 

d 1 . ain ani u 


du’ 

+ 315 (S5 + »k*+l8k»+*Ok»+S5k') ain aniu 

cet. cct. 


11 . a. 

II S . k*sin 4 amu = — ; + 4 (1 -f-k*)sin* am u — 2 


II 5 . k 4 sin 4 atri u = 


du* 

d 4 .sin* am u 
du 4 

d 4 . sin* am u 


+ a)(t + k’)- li ’ - *' n, * m “ - + 8(8 + 7k*+8k»)ain*am u — 32(I + k’j 
d u* 


m . k* ain" am u = - - j-.-T + 56(l + k») + nt(T + 8k* + 7k») * 

d u" d u 4 du 

+ 128(18-f.l5k*+l5k 4 +18k«)sin*anii» - 48(24 + 32 k* + 24k 4 ) 

cet. cet. 


ha videmus, generaliter poni posse: 

2) nto. k ,n ain ,u4 »amu s> 

d*”. sinam u d* °” 1 . sin am n d* 0-4 . sin am u . . 

+ ; , n , + A n — + • * + A„ sinam u 

n du ,n ’” a ° du ,n “ 4 ** 


du* n 

3) II (2n — 2) . k**-* sin’" «mu = 
d* 0- *. sin*am u <4 > d ,n “ 4 . sin* am u d* a ~ 4 . sin*am u 


B 


BJ 


du* 0- * n du* 1 '" 4 " du* n “ 


■ . iitS — ll • | i ijIUI 

+ . . + M n ain* an u + l< 0 , 


designantibus AJ,”’ , B™’ functiones ipsius k k integras rationales w u ordinis , excepta Ii"", 
<|nae est (n — 2)“. Porro e formula , unde profecti sumus , generali: 


d* sin am u 
d? 


= n(« — l)sin n “**amn — uo(l + k*)sin n amu + n(n + l)k*sin n + * am u 
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palet, lore: 

4) A™' = A*™, + (In-l) , (l + k’)A‘”';" - (in -*)*(in _!)(* n -8} k'*;";” 

5) B 1 ™’ = B”’, + (in-i) , (H-k') B „' n .T“ — («a-VC*—*) "7”. 

quibus in formulis, quoties m>n, poni debet A^’=0, B' ,n, = 0. 

Mutato u in u -+ iK' cum sin am u abeat in -j-rL— , in formulis propositis loco 
sin ani u poni poterit , umle proveniunt sequentes: 


ns 


d 1 .- 


*in* atn u 


+ (l + k*) — 


ns 


d\- 


sin*am u 


tl u* 


4(1 + 1’). 


sin am u 

I 


d*.- 


d\- 


sinamu , sin am u ^ 8(3 + 2k’ + 3k*) 


ns 




d u* 
1 


d u* 


d’.- 


sin* am u + K(t+Vi + . B ^±I t K±^L - St(l + l') 


(I 11 * 


d u 3 


cet. 


cet. , 


ac generaliter: 


nan 

^ sin* " + 1 »m u 


d ,n . —rr 


d’ . — 


d’" 


+ K 


du’" • » du’"-* 

n(tn— i) _ 


Al’ 


du* 


+ .. + 




1 


d’ . — i- 
sm’ *■ 

du’"- 3 


d'”“*. 




i 

sin* am u 


d* * 


du’"-'* 


B 1 ’ 


sin' am u 


da’"-' 


+ -• + 


k* B'”’ 
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Ouum inventum sit antecedentibus, siquidem ponitur u = *■ , expressione* 

2K> 1 


per hasce: 


*Ki . , SKi 
•in ani ■ , sin ani 


2 Kx ‘ , 2Ks 

*in am sin am — 


earumque ditfercutialia , secundum argumentum u seu x sumla, lineariter exprimi posse, 
iam ex harum evolutionibus, secundum sinus vel cosinus multiplorum ipsius x progre- 
dientibus, illarum sponte demanant. 

Ita nanciscimur: 


c formula: 

2kK tK* | /qiini y q'«inSx yq**in5x 1 

ir w \ 1 — q T 1-q' 1 — q‘ I 

sequentes : 

,j <1+n (15.)-.,}-^ + 

/fkKv‘. 2K» 

* ■ 3 . 4 1 1 sio* am ■ - =s 

\ * / ir 

*{3(S+*l.’ + SkS)^)‘ _ 10 (1H- k*) (^-/+ » } v ^ 1 *- + 
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«{s<S+«k*+S*)(-^-)*- 8M0(J+k*)|H.j’+ 8 *| + 

♦ {s(S4-*k , + Sl‘)(“)‘- 5’10(t + k’)(-^ij’ + 6 4 | -V + 


cet. 


cet. ; 

II. 


e formula: 


l ikK \' ■ • 


!Ki 


IK 8 K 


t K 2E 


f 2 qcos 2 x 4 q’ coi 4 x 6 q 1 cos 6 > | 

) 1 — q* 1 — q* 1 — q' I 


sequentes : 


. ' 2 k K V • . 2 K s 

2 . B I | no 4 ani -■ 


-£)- 

-• (“M^ 

9 , 4 ,/ tkKV . . 2Kl 

2.9.4.51 ■ I sin* ani ■ ■ s 
V ir / jt 

~ 4 {* . 8<8+7k'+8k*)(iiLy_ 2\20(l + k*)(l~-j , + 8>j -1^*;. , 
_ 4j4. 8(8 + 7k’ + 8k«)(-^_j‘_ 4'.SO(l+k*)(iiij+ 4‘j 
- 4 {6 8(8 + 7k’ + 8k«)(l!L]'— 6'. 80 (1 + k*) + 6*J 


cet. 


cet. ; 
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e lormuk: 


m. 


*K 


tk« 


1 — < 


4q'iin3l ^ 4(|'«iu5< 


1-1 


1 -,' 


>equentcs : 





•V tm 

tK > 



tr 


r * K »* 1 

d\-^— 

IHI 

[ « / «411 X 

a«’ 

{(» + ■>*)( 

' * K y ,i 

q sin i 

* / i 

i-i 1 

{o+k’)( 

*M* s*i 

q’ «in S x 

, » / / 

»-i* 

,Wk’)( 

tK V 5>t 

q* «in 5 x 

* / 1 

‘-i* 1 


1 . 8 . 4 




«io* am - 


2 K « 


3(S+*k«+sk*)(15.V 




d*. - 


d>< 


qsin i 


1— q 


q 1 «in 3 x 


»-i’ 


q* «in 5 v 

4- 


cet. 


cet. ; 


0 
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IV. 


<• formula : 

■ ^ 

j* 

r 

4- 


« 

+ *\ 



lio' 

SK , 

#• 

f— 

« E ‘ \ , 1 



ir / «in* * 

M-cjuentat: 

4 

m 

fc ’ 



t . 

» 


• _____ 


(^J - 

fK* 


U » 




W*. V +- - 






Ui 

* 




, . / SK \* / t K tE 1 \ f. 

V 

^(‘W-^)’ , d ’--^r - 

•in* i di’ 


ris*- ■•■•(“ r . 


* '< 
/ 


*in* wn 

- * HbV 


!Ki 


- ♦|*.8(8+7i’+8k«)^i^.y— r.*o;i+k’ ; (^--) + *>| q | c £" 
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- ♦ }4.8(8 + 7L’ + 8l 4’.*>(l + k.)(-££.j' + 4 «J 

- 4 *6 8(8 + 7k- + 8k*)(iILj*_ 6-.*0( l + k^(i!ij’ + 6*J 


cet. 


ctt. 


45 . 

Exempla antecedentibus proposita docent, (juomodo e formulis 2), s), 6), 7) § 4s 
evolutione* functionum sin nm — — — , FkT - iuvell ' a utur. Quantitate» A™’, B'" 1 ’ 

•ia” »in " ^ * 

t r 

a quibus illae pendent, ope formularum 4), 5) ibid. successive eruere licet. At expres- 
siones earum generales indagandi quaestio, cum nimis illae complicatae evadant, q Uaiu 
ut eas i>er inductiouem assequi liceat, panllo altius est repetenda. Quem in finem se- 
quentia antemittimus. 


Nota est formula elemeotaris: 


«in »m 'u -f- v) — «in ara (u — v) = 


St «in aro v . eo» am u A am u 
t — k’»iB’ 


ani u sin ani v 


qua integrata secundum u, prodit: 

U 

I) J i u Jam am (u+ t) — ain an (u — r)! = -i. |„g ( T + k,inM " u ,in3mv | 
q ^ ^ V * — k*in am u ain am v / 


E theoremate Tayloriano iit: 


ain am (u-f>T) — *itiam(u — ▼) = 


| d . ain am u 

l l — k — 


d 1 . sinam u 
d u 1 


d*.ainamu v* 


ns 


du» ns 


+ ... 


)• 


unde: 


J ”* du j«inam(u + t) _ «inam(u — »)j = 

u v j_ J*- «in am n v' , d*. «inam u v ! ) 

do* ns ■* d? ffT 

0 S 


,t . 

* «ain am 
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. d ,m iin*mu ¥j * 

Facile enim coustat , posito u = 0 , et sin ani u et generaliter — evanescere. H mc 

aequatio t)> etiam altera eius parte evoluta , iu hanc abit: 

d’.»in*mu »* . d*.»in»tnu v* 

t) + — y-; ~nT + '“n* - •*•••• = 

k* k 4 , 

iinimuiil>iin< -f- — . rin’ am u fio' am v + — lio' un u no* im v + . . 

s 5 

Porro aequationibus notis: 

2 sin ani u . cos ani v & am v 

.In am <»+.) + «n am <u-v) «= - 1 _ k ., iB ., InuiiB . Mn 7” 

2 sin am y . cos am udamu 

•In an. (»+ *) ~ »"* (•-*>- 1 _ k* .in* axn u mo’ am T 


in se ductis, obtinemus: 

9) «n* atn (u + t) — sin* ani (u — v) = 

4 sin am u cos am u A am u . si n am t cos »« * A »m v 
|l — k* sin’ am u sin’ am vj* 
d . sin* am u . d . sin* am ▼ 

|l — k* sin’ am u sin* am d u d v 

Integratione facta secundum t, provenit: 


/• 


d v j.in’ am (u + t) — »in’ am (u — v)J 


t sin am u cos am u A ani u . sh>’ am t 
1 — k’ sin’ am u sin 5 am y 


sin* am v . d . sin’ ani u 
(1 — k’ sin 5 am u sin* am *) d u 


Oua denuo integrata secundum alterum eleiuciitum u, obtinemus: 

U V 

4) J dn Jvjsin*am (u-f-v) — sin’ am (u — v)J = 


0 0 


— lof (I — k’ sin’ am u sin : am v). 


o 

E theoremate Tayloriah^ fit: 

sin* am (u + *) — «*»’ am (« — *) = 

| d.sin’amn d*.sin*amu v* d 4 .sto*amti v* | 

*< : * -h — ra • ”777” “h 


d u 


du' ns 


d u» n 5 ' t 
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uude : 


& v Imo’ »m (u-f-») — sin’ am (a — * ) j = 


*( 


f d.sin*amu v J imu ▼* d' . ?-in * an. u v* 


du 


ns 


Ju» 


ri4 du' 


imo \ * | 

I» ' n6 + ' 7 


u V 

/-/-{ (n+») — »n' im (u — *)j i 


2 | «in* im n . - 


d* . »in* im u v 4 d*. «n* am u v § 


n« 


du’ 


114 


du 4 


+ . .1 

116 i 


i V 4 V* i 

_ «Iu»’* h U» 4 ’ u . . .1, 

l n< T n6 T 7 

siquidem p«r characterem li'’ 1 "' ralorem expressionis — — denotamus, quem ob- 
tinet posito n = 0. Hinc aequatio 4), etiam altera eius parte evoluta, in hanc abit: 

5) sin’ am u . 


nt 


du* 


-*{ Dm -TiT 


i . , 

■y , M H 1 


_k^ 

4 


V* 

d 4 . sin* am u 

ni 

d u 4 

+ 0"'- 

*■ + •••} 


k 4 

u sin' am 

v “ nn' am ' 

6 


D6 


His rite praeparatis, ponatur: 

u se »0 am u + R, sin' una -f R, sia' «n u + R, sin’ am u + 


ac generaliter: 

n" as |sin am u q* R, sin' am u -f* R t sin' am n •+■ R, sio' am u + . • .t* s 

sintam u -f R**'sW +t am u + R ' sia" ’ ' am u + R* n * sin" * * am u -f- . . . : 

porro e . reversione seriei: 

u = sin am u -4* R, sin' am u + R, sia' sm u +■ R, sin' am u + ... 

oriatur haec: 

«in am u = <> 4 ‘S® 1 4 5, u* + S, u 1 + # . . 
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ac sit rursus: 

»in" iro u = (u + S, o‘ + S, u‘ + S, a’ + . .j = 

i 

u° + S ,n, u“*’ •+■ S ,n, u°+« + S'*’ii b+ " + . . 

: ‘ 

lnm ex aequatione 2) : 

sin am u . v -f- 

k 9 k« 

sin ani u sin am V -f- — sin* am u stn 1 am v •+• --- . sin* am u sin* amv + 

r lu t> * - A ' '-f*. , t. ■ 

evolutis v, v 1 , v‘, cet. iu serjes secundum dignitates ipsius sinam v progredientes, in 

utraqtie aequationis parte Coijfficientilm» eiusdem dignitatis sin'”* 1 am v inter se com- 


■> r V • 


paratis, provenit: 

r ■ ■ .i.et 


k ,n *in , * 4 ‘*imo 




• ► iJT-t SF jjani#<SWllt **»>■ ■ l*e,l il<..q>W<xlf -■*>«■ 

d* . tin Btn u , d°.»oimu , , d’ “ . »in am u 

B|, ’ iin ‘m u + ns-d..’” + niidu* + • • + n(in+l)dn’" 

a ' ‘ 


Fodem motio e formula 6) provenit: 

k ,n — * ,in ,n amu 

7) ~ 


*yr ^ 


fit 


Sn 

<% > d 9 .s»o*amu 


«-• n 4 .dll 


d 4 .tin*amu d’ n ~ * sin’ am u 

j " T T ”|| — 1 rtr j. 1 .» « 4 * • f 


n 6 .du* 


n!n .du*"-* 


l 1 S< " C Ce t 

- ITT? + T76 7.8 + ‘ ‘ + (in— l)fn) * ) ' 

K 6), 7) mutato u in u-t-iK sequitur: •« « -f * 


(in-t-ljam 1 * 4 * 1 amu 

cf° it #*> *»J. 


dV- 


S/T r+ 1 

d 9 *».- 


«-• ns.du* 


+ A"’ - 

' n — » 


ns . du* 


d». 9 * 1 


*) Fil eoiin e nolatione proposita r sin* am u = u* + u* + u* + u* + . . , unde cum sit U ,rn 
d ,m sin*am u 


du 9 


pro valorr n = 0, L : m ' = I12m . S m _ ( . 
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i 

2 u *in’ n ani u 


IV d«.- 


nt . uu aiu u 


rjv, <*.— t — 

n tin am u ^ 


1 


d»«- 


- k *{s7T + sfs + 7^8 + • • + ( • 

Quae sunt formulae, quas quaesivimus, generale», quarum ope sin" am u 

* r } sin n amu 

. . a 1 | 

e sin am u , sin am u , ■ ^ lni u > ; iu , u - eorumque diiferentialibu* inveniuntur. 

Aduotaho hac occasioue, ubi vice versa sin am v, siulam v, sin’ am v, cet. se- 
cundum diguitates ipsius x evolvis, e formulis 2), 6) erui: 

J 1 ". tin amu 


nl.du’ 

c<*> < 


n6.du< 

s"' 






10 ) 


n(in-)-l). da*“ 


c rll . , t -m , It* (,, Jl*n 

5 „ «“ ™“+y Sp.,"" »•+..+ I — «m 1 »** am u 


2n + l 


s" 


U) 


d*°. iin*am u 
n(2n+2)du*" (fn + l)(2n+2) 

iis'"' , 


-J- S b *» “ + — S”! , «in* *m u + , «In* an u ■+■ . . + 


Pauca adliuc de inventione ipsarum R^ 1 ', S^’ adiit ienda sunt. Posito sin am u = y, 
fit e definitione proposita : 


sive: 


unde : 


u = f r - ay = y + R,y* + R,y* + R,y’ + 

'i S a-y’)(l-k’y’) 

1 + SR, j’ + 5R,jr« + 7R, y* + .. . 

V (l-jr’)(t— k’jr*) 


SH, = 

l+l’ 

2 

• ! "--rr + 

7H, = 

1.5.5 

2.4.6 

+ w4 l, + 

9R. = 

1 .5.5. 

9 A fi 

7 1.5.5 1 

8 ' 9 J C ‘ U 


4-4* 

t l.S 


cet. 


llik* 

2.4 

1.5.5 

k 

2.4. 6 
.» , 1 
T k ‘ + -i 

cet. 


1.8.5 


S.5.7 

.4.6 8 
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s.r, = 


4» * * '*L 

. 8 * t ' ^y. *tr^- 

-44— ( , + k *) , -T k ’ 

* * 

-LLL_ {i+kv r| — k, (‘+ k ’) 


,_L^ (i+kv __445_ k .<, + ^ + 
■ rrrrr . ,,+vr - to- ‘' (,+ ‘'’' + 


, s -V' ' >'•, 

-ts-* 

- ♦ • * V <r ' 

i .8.5 

-rrT- k,(1+k '> 


*•»••» /. 1 u>. 1.8.4-7.9 j. *•*!?-— k*(I4.Vi' 1,9,5 k* 

t 4 ,g - M * r ^ 1.4. 1.4 ' s.«.6 


,"4PCi{» TTr./ 


sive eliam :' *. «*- 


VI -* 

.H- • 


1 * ’ k k ' 
•-T n ' k ' + rT- * 


■ * *.■ • 


.v ■ #- 

-•*■ ' ~<jr; 


*» 

-i *Vv 


‘-T ^+iT ^-TTJ- k '‘ 

, 1 n *t‘ ■ i:* ,6k“ 1,g ’ 5 4^-t- 1,s -- 7 *■ • 

1 - T * k k + TT 1.4.6 ^ 1.4. 6. 8 


fi iJt j 


sive cleiuque: 




i . :< - > 

kk+4- tk 

* i .Jfh+4 % 

Ut . jfc V 

k . + 4-.sk.k- + 44.*k*k , - + 44i. k- 

k . + 4-.4k-k- + TT ,6k,k ’* + TX? ,4k ’ k '‘ + TO T k " 


♦ 
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Ex his quatuor quantitates R m exprimendi modi*, modus secundus repraesentationem earum 
sutis memorabilem et concinnam suppeditat , siquidem iutrodncitur quantitas : 

Sit 

1SR, 

Ita e. g. fit — — 

. t. 3.5. 7.9 . , 1.5. 5. 7 , 1.5.5 

1.S..6 1 .5.5. 4. t + 1.2.2. 4 r ” 2.4.6 ’ 

qua expressione sex vicibus secundum r integratis, obtinemus: 

f” r" . r* 

2. 4. ..12 2.4.6.8.10.2 + 2.4. 6. 8. 2.4 ~ 2. 4. 6. 2. 4. 6 + Cr * — C ' r ' + C“ . 


designantibus C, C ", C' Constantes Arbitrarias. Quibus commode determinatis, prodit : 



f . n6 1 


uade vicissim : 


13 H. = 


k € d* (rr — 1)* 


**.n6.dr- * 

eodemquc modo obtinetur generaliter: 

imjiqrr— lf> 


12) tSm+l)R m = 


a™ nm.tiH» 

(iooleratur Commentatiuucula ( Crelle Iournal V. II. p. 228) inscripta: 

„ Ccber eiue besondere Gattung algebraischer Functionen , die aus der Eut- 

1 

„vrickluug der Function (l — !xz + z') 4 entstehn. ” 

Inventis quantitatibus R n) per Algorilhnios notos pervenitur ad eruendas quantitates R“", 
SI! 1 ' eas, ut sit: 

{t + r,. + r,,' + r,,» + ..}” = i +r; 0 ', + r“v + r; 1 ".» 

R 
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porro ubi pouitur :■> 

y = •{*•+ H . 1 + B a*’ + R t*’ + ■ • 

fiat: 

,» = ,»{i + s;-jr + s;"V + s;”V + • .}; 

quae cum definitione quantitatum R n ”' , S "' supra proposita conveniunt. Fit autem, 
posito : 

ij>00 = 1 + R, « + R, f + R,»’ + . . . , 
e theorematis a Cll. Maclaurin et Lagrange inventis: 

R- = 

m II m . d «m 

m m-fn nm.di m * 

siquidem transactis differentiationibus ponitur x = 0. 


46 . 

Formularum 6), 7), 8), 9), §. 46 beneficio nanciscimur evolutiones generales: 


• 


i 

/ sik 

iK * 






\ 

n — 

l - i 

i 

7f 






V 


*n+I 






s 

•x 1 

94 

R ‘»> 
n— l 

/ 2K 

.»«!-• 

1 _i_ 

R’“ 

n— a / 

SK 


<— J)" | V i(iini 

T" 1 

* / 

ns 

\ * ) 

1 + 

II 5 [ 

« / 

• * T 

n(Sn+l)| 1-, 

4 /r u> j 

ri*r_ . 

S’ .R'" 

n— i 

/ 2K 

- 

S«R' A> 

n— • j 

sk y»-‘ 

i 

(_1)"S’"| /V»'"** 

I n ' 


ns 

t ir ( 

; + 

ns t 

. * / 

• • "T" 

niSn+lj/ l-q’ 

A t H 1 * * | 

/ *K \™ 

5’R"' 

a— i 

.fi*’ 

>««-* 

1 4 . 

5'R'*’ . 

- ( 

SK V»»-» 


(— 1)"5’* 1 v q>*ui5» 

4 ( H n 1 

l— ; 

ns 

\ * i 

f + 

ns \ 

~) ~ 

■ * + 

n(t«+l)l I— q' 



i 

f 2 It K 

i*n 

I «m* ^ am 

2 K* 






1 

— 

1 W ; 

f SIU sialV 

lt 








2 n 





r' 9 ‘ 

n — i 

/ SK »*■“' 

/ 4K 

2E* 


S' 5 ' 

1 * 1 

s"' 

> 

«4> • 

4- + \ 

nt 


l » 

* i 

i - \ * 

) IS.* 

+ 6.6 + 

7.8 

' T (f n — l)4n / 
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i 2K 


( »K . ,0 -' / ttK 

I- *>h w1 I—) 

ii ‘“'l » > , {-»/*"- i qco.*, 

'» n * n 4 n *; — J 

4H‘” /«Ll*"- 4’ R'*’ 

.( ’ / “ — V » / /_ly>4»-» v „.„..4. 




n* 

.. /*k »■— 


■+••+• 


(_|y4— ■ ) g.^, 4, 

n t n / { a* 


c .(£)’ 


6 ^‘- f« r- 

“~ 1 * / . 4 - (-»>“ 6 "- ! g-cot 6 « 

n« " T ’ ntu / i — ‘ 


(“r 

Bj : 

(2 n 1) un ,n + 1 ani ^ 1 
* 


n 3 . d * a 




nsu.dx 


in-i 


«wfr- 

*)*:•(")'"- 


/ 2K v»n — i 


*’ R n-. 

ns 

/ 2K .»■-* 

' * / . 


ns * 

5 , n' t> 

/*K 1»«-.*. 


' * ' 


ns ' 

/ 2K 

r 

1 w 

) 


ll(t D + l) / 1_, 

(-1)"S*“ J tj 1 sin Sx 

n(in + l) | 1 — «|' 

( — l)" 5’ 11 | 5« 


J_ J. {— »)"5’“ 1 q'.in5, 

n(*» + i) f i_ q . + 


2 n . »io* n ani - 


i R ,„ /iiifi 

SK 

* K ‘ ) k»/ IK 

I»n( 1 S'” S 1 ’’ 

1 1. _t_ ■_ _i_ * 

* ‘ "“'I IT / l 

rr 

* / \ rr 

) Is. 4 T 5.6 T 7.8 

n ” (iii 

n —i | r 

n— * 


♦ 1 

d*. d* 1 



. 

- + : — x. 

rT - — "*• * '■'+ • ■ + — x 


sin x 

ri*n . d 




_*< / ' * / , . , q’co.*x 

1 n* ' m n(* B ) t !_,• 
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«R'*' 

1 — 

(W 



. 4 . 

(_!)»- >4*»-« j 

q 4 co* 4 * 

1 

nt 

n« 

T * 

• T 

ntn ) 

1-4* 

6 R'” 

W" 

««.■•-.(“n 

. 4- 

• + 

(— ljn-.s*»-.. I 

q* CO»6i 

V 

nt 

H4 

T • 

nsn i 

i — q" 


E formulis 6), 7), 8), 9) §.45 aliae deduci possunt, quae respectu functio i 
nam cos sin u , taugamu, A am u easdem partes agunt, quatn illae respeetu functio- ' 
uis sin am a. Etenim e formula : 


t- - t)- 


cos eoam u , 


unde etiam : 


i(k’(K_u), = 


videmus, in formulis propositis, ubi ponitur -y- loco k ct k' (K — u) loco u, abire sin am n 

in cosatnn, unde inveniuntur similes formulae, quae ipsi cos am u respondent. Poro 
ex aequatione: 

iin am io a i taag am (n , k') 

patet, simul mtttari posse u iu iu, k in k', sin am u in taug am u; unde formulas pre 
tang am u eruimus. Ex his deinde , quia 

cotang am (u -J- i K') = i A am (u) , 

formulas pro A am u eruere licet, quae formulis 6) - 9) §• 45 rcs|wndent. Quibus in- 
ventis , methodo plane simili ex evolutionibus fuiictiotiaai : 


SKi . SKi . !K< SK. 

co* ain f cor am , A am - , A* atn 


SK. ’ 

eoa am coa ; 


2 K. ’ . *K« ’ , SKi 

-- A am A’ am 


a nobis propositis , evolutiones generales deducis functionum : 


SK. SK. 

co* n ani -- - ■ . , A n am 


Quae sufficiat addigitasse. 
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Transformationes insignes scrierum, in quas Functiones Ellipticas evolvimus,. nan- 
ciscimur, posito ix loco x et adhibitis formulis, quas de reductione argumenti imaginarii 
ad argumentum reale in primis fundamentis dedimus. Quae vero cum iu promtu sint, 
hoc loco diutius his nolumus immorari. 


1NTEGRALIUM ELLIPTICORUM SECUNDA SPECIES IN SERIES 

EVOLVITUR. 


Integrata formula supra exhibita §41. i); 

/ *kK \’ . , *K« SK SK. 1K *e' a i 3 a coi Si 4q’ro>4> . 6.i‘co«6» , i. 

I — - I mu’ am = — — — — . ... — 4.' — ' 4- — 4- — ! + . 

v w / « n n n n l i — q* 1— q* 1 — q* f 

inde a x = 0 usque ad x = x, provenit: * 

/ikKi’ fK. 


r n % ) t q* 

‘-<P 

1-4* 

"*■ T= 

• 2 K 

in sequentibus per characterem : 

/ *K% \ 
z ( * )« 

picsMOin 

SK SK. \ _ SK. /SK 

* E ‘ ) 

/ 2kK f/L 

, _ 2K* 

n \ ir / ir \ IT 

* / 


It * 

A l q sinti t q*«Sn4s 

q' *itt f> x 

<1* *in8* 

+ 1 

!_,• + !-,♦ 

i — q* 

' 1-4* 



E Q* Lcgendre notatione erit, posito - = u , $ = amu: 


Functionem Z (n) loco ipsius E (<f) iu AnaJysin Functionum Ellipticarum lutro- 
ducerc convenit; quam ceterum ope formulae 2) ad terminos Cl° Legendre usitatos re- 
vocare in promtu est. Adumbremus paucis , quomodo ex ipsa evolutione functio- 
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ni> Z, quam formula t) suppeditat, complures eius proprietates, etsi notes, deri- 
vare liceat. 

Mutetur in l) x in x + y, prodit: 

* K . «A _ , I 1*'"*' ***'“♦* , q‘»in6« , | 

— Z (-T- + K j- “ 4 i-n? n^ + ~TT?- + -y 


iLz/Jil) _ UL z f — + k) = 8 ll±VL + + tOs + | 

ir l n / n \ * / It — <l’ 1 — q* 1 — 1 

Porro mutetur in l) x in 2x, (| in ((*, simulque k in k"’, K in K'", prodit: 



1E1 z 

l 4K ' * k ...t _ 4 f t 

q 4 tin8i 

, q # *inlt* 

_p i 

unde : 


{ n ' k / 1 *~q* 

• H4*'* « 

'•"'i * fl 

+ t-V 

i • ^ 

-e ■ . -v 

+ 1-q” 

+ f 

--a ■ Ht 

H-zl 

SKx i 

IK-./4K".. x 

| qaio*. , 

q' »in 6 * a 

q* *iu 10 s 

”1 

i n ) 

* - ' ) 

• s f s 

\ 1-q’ + 

i-q*' + 

1 — q M + 


At supra invenimus: 




— .in..., 11 il = + , l C ?" a5 ‘ + I 

- * 1 1-q T 1— q’ T I-q‘ ~ » 


unde mutato q in q 1 , x ia tx: 

*k , ’'K'*‘», \ I qiioZs , q*»i»6« q*.in10i ) 

..nam | . k‘*.| =. 4 4. — l -f. 4» . . 

\ n ) \ 1-q* T 1 — q* T t — q“ T f 

* ... i . , 

Hinc sequitur: 

IK. L/lk.i _/* K. , Aj «k^K'*’ . /4K'**. \ 

\ tk ,, ‘K l ” . /4K<’»i 


li Z | 

f * Kl ! 

1 *K'”, 

ft ! 

V m % J 

1 * 

» « ! 

— Zl 

f tK* 

I+— Z 

TT ! 

i. » > 

' jt 


k...) 

I * 1 


In (piibus formulis, (|i\arum 4), 6) trnnsformntiouem fuuctionis Z secuudi ordinis sup- 
peditant, est: 




= i±L, K . ^«(«^.k-J-a+k) 


*K. iX. 

..nam . tin eoam 
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uti de transformatione secundi ordinis, a (JJ. Legoudre proposita, constat, Unde formu- 
lam S) ita quoque repraesentare licet, posito u = ~~~ : 

6) Z (u) — 2(u+K) = k’ sin am u . sin coani ■ . 


Potiamus brevitatis causa : am| *”* — — , k <im J s=s e formula 4), [Risito suc- 
cessive k"‘, k'“, k'“, .. Joco k; 2x, 4x, 8x, .. loco x, prodit: 

7) K . Z(u) = f‘E(4>) — e'f( 4>) = k ,, 'K'’ , «m$‘*‘ -+• + k‘ r >lf'un<P , ‘ + ... 

quam dedit Cl. Legendre formulam. 

Simili modo, e formula §‘ 41 : 


2 K gE' _ f q 

* «r n w l (1— <j) a 


4' 


S* 


4’ 




(t-4‘)* (i-iv a-i’)‘ 

quam etiam huuc in modum evolvere licet : 

gK gK _ _tK 2 E ‘ q ^ g.f ^ 3,1 , «r , [ 

s w * «r I 1— q* + I — q* + l_q* + l_q' 

comparata cum hac, quam supra invenimus: 

/iiLt’ = 16 1 — - — + - 3q - + -11- + -!■»_ +...}, 

l ir / 1 1-q’ l-q* 1 — q*“ 1-q" I 


protlit: 

8) gK (K — E') = (kK)* + g(k' ,, K ,,, p + 4(k<*>K<'>)’ -f 8(k'*‘K'«>)* + . .. 

quae cum ea convenit, quam Cl. Gauaa dedit in Commeut. Determinatio Attractioni» 
cet. §. 17. 


4 «. 


Kadem methodo, qua §. 41 eruimus e volationem expressionis j sin'am , 

inquiramus in expressionem {—— z(— — ) j iu seriem evolvendam. Ponamus 


( “ - »{-£7- + -T3F- 


‘ ain 6 x 


I-q 


•I' 


7-. 8 A + V cos g. + v Cft* 4 * -I* A" / cn*6» -f* 


Digitized by Google 



quam expressionem propositam induere videmus formam, dum loco 2 sin 2 m x sin 2 mx 

ubique ponitur cos (ni — m') x — eos (m-4-m ) x . l‘il primuui: . 

q’ q’ q* . q* 

K = + (f— q*)* + (i— q*? + <»— qf + * 

Deinde generaliter obtinemus A ,B ’ as *B"” — C 10 ', siquidem ponitur: 

b _• - j C •*” Ull k . 

q»** . 1 q*** ^ q”“ 

B "' - q'**^ * <i- 4 *m-qr 4, > + (t-«a-q ,, > 4 *) + ‘" 


C "” - 'd--?)(l-q ,V -^' + '{I — q*)(l— V"“ 4 ) + * " + (l — q 4 "-’)(l — q*, ■ 

** .. 4ff>‘ - , j.. ,£ '&i .ao, ,t j. r I 

s harum expressionum terminis substituatur re*p. : 

q n4m q» f q m q*" 4n ' V 

—-q-Kr-q’" 4 ») “ 1— q*° l t~q" 1— q*”S"> | 




«" 1 rf» «•!>-» i' 

1 - q' " I 1 — q ro + t — q*"-*" + '/ • 

, v * ’ ; • W 


[ l_q'»)Cl-q'— n ’) 


prodit : 


* 


q«i | q**»+ T q*"** q ,B4 * | 

q" ( t* _ _ £ _Sl- + . . + _a!l_} ~ 1 

- l-q’" l 1-q* + i— q* ^ 1-q* ^ !-q*“l 


unde : 


= <— mr + + t. + + . . + — i” , ~’ .1; 

c I_q«» + i_q*»U-q“ + i-q* 1-q’ » — | 

(,-l)q° «q 1LI _ _JWL_ + £i£±3l*l 

(l-q’")* 1-q’» ^ {1-q’»)’ • 

*■ 


V"> = *B"' — C" 1 ' = 


1-q* 


His collectis, invenitur evolutio quaesita: 

£ A "W * % f •? Ag»f jr*- r ; 

/ tt l’./ 8K» tlt« \ . .( qcost» , gq' cos 4* 3 q 1 cos 6 e I 

(tV = 1' 9 \~i^T + + ~T^r + ■ • 7 

• * % - -,*)■ — + — ttr — + — rrrqv + , r 

Ipsum A = 7Tzi[7 -+■ (1 _! q ;,y - 4 - ■+-••• cnm e,iani huDC in n '°' ,um e,ro1 ' 


vere liceat: 


«t; * 


1-q* 


*q* , , 4< t' 

1 — «j 4 1 — q* 1 — «j 
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invenimus e §. 42. 6): 

f¥-K- f)+' 


i) 8A ~ 


Torro uulem constat es.se: 

* 

* /*K /*” / tK« \„/ 8K* \ , 

8A = v(— )y z (— )*(— )■<*•» 

0 

integrata enim aequatione 1) a x = 0 usque ad x = -j-, termini omnes, praeter primum, 
evanescunt; unde si Cl* Legendre notationibus uti placet: 


«T 

[" {r'E(^) — e*F(W}’ 

S) ./ a<«o 


(t— k*)F , F , F‘ — SF^E' + 


r «r F’ 


. d?> = 


quae e.st Integratis definiti satis abstrusi determinatio. 


INTEGR ALI A ELLIPTICA TERTIAE SPECIEI INDEFINITA AD CASUM 
REVOCANTUR DEFINITUM, IN QUO AMPLITUDO PARAMETRUM 

AEQUAT. 


49 . 


Ante<|uam ad tertiam speciem lutegralium Ellipticorum iu seriem evolvendam ac- 
cedamus, paucis, quae Theoriae illorum adiicere coutigil, seorsim ex (tonemus , idque 
fere ipsis signis Claro eius autori usitatis. Mox idem novis adhibitis denominationibus 
proponetur. 


Proficiscimur a theorematibus quibusdam uotis de specie secunda lutegralium Ellipti- 


corum. Fit : 


tin »m (u-p») +■ >in im (u — a) = 


8 sin atri u . coa am a . A am a 
1 — k* sin* am a . sin* am u 


sin am (u-f-a) — ■ sin am (u — a) = 


2 sin am a . cos am u . A am u 
1 — k* siu 3 am a . sin 1 am u 


s 
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unde : 


sin* ani (u -pa) — sin* am (u — a) = 


4 sin am a . cos am a . A am a . sin am u . cos am u . A ani u 


1 1 — k* sin* ama . sin*amuj* 


qua integrata formula secundum u, prodit: 

U 

. |sin’am(u-t-a) — lio’ «m (u — »)} = 


2 sin ama . cos ama . Aama . sin*amn 
1 — It’ sin* am a . sin* am u 


uti iam supra mveuimus. 


Ponatur: amu = $, ama = «, am(u+a) = «, am (u — a) = $, erit e nota- 
tione C’l' Legendre: 

U 

* » • *‘ n ’ »® U = F (t>) — E($) • 

0 

unde etiam , cum sit F(n) — F («) = F ($) , F (-5) -4- t (*) = F($); 

U 

k / d u . sin* am (a -f* ■) = F($>) — Ef*) -p E(at) 

0 

u 

k^dB . sin*am(u — a) = F((J>) — E (5) — E(«), 

0 

Hinc aequatio l) in hanc abit: 

* „ ^ > 2k a sin*co$acA« . sin’£> 

*) t>M - {IM - KP)} = ' ' • 


Commutatis iuter se u et a, abit « ili (J>, 4 in — -S, a immutatum manet, unde 
ex l) prodit: 


{E(<r) + EO)j = 


2 k* sin P cos $ A <P . sin* 
1 — k*sin* * . sin* (f) 


qua addita aequationi l), provenit: 

S) E($) + E(«) — E(r) = k’>io« . »in(p . «n» , 

quod est theorema de Additione functionis E, a Cl. Legendre prolatum, 1. c. Cap. IX. 
pag. 43. c'. 


Digitized by Google 



189 


Integra! ia formae: 
9 


/ •in 1 (p . d <£ 

|l — k*»in 3 « . >in’ 




V 


secundum eam , quam C). Legendre instituit, Integralium Ellipticorum distributionem in 
species, speciem tertiam constituunt. Quautitatem — L 1 sin*«, quam per n designat, 
Parametrum vocat; nos iu sequentibus ipsum angulum a J’arametrum dicemus. Quarum 
Integralium , multiplicata aequutioue 2) per 

49 4c _ da 

A(<w ~ aw _ A(3> 1 

ac integratione instituta a <p = 0 usque ad <f) = (Ji, quo facto ipsius a limites erunt : a = «, 
e — a, ipsius $ limites : ^ — — *, 3 = expressionem eruimus sequentem : 


A») 


r J}'j L n ’ c °‘* z*-»»'9.49 ar(f)EW _ Aw-J» , r 

J |l_k'.in»«..in’<P|i((f)) ™ W J A(<r) 

0 01 — (X 

Facile constat, cum sit E( — Cp) = — E (vf>) , esse: 

9 -9 +?> 

r E (i>)-d9 _ / e( 9 ). d9 .... r 

J £1(9) J A«>) • 81V V 

O 0 —<(> 

unde cum sit: 

r E(>) ■ d> = r 

J A<*) J ' 

a 0 

3 3 

/ E(3).d3 r?.(9)-49 

A (3) J 


E(3) . d3 
A (3) 


• K(90. 4 
A (<f>) 




Eaj>) . .i <p 
A») 


a m 


r e [9) - d 9 = r em ■ 49 r 
J A (9) J £>(9) J ' 


K(0).d» 

A»> 


nacti sumus novum ac memorabile 


T H E O tt E M A I. 

Determinentur anguli !)■, <r ita, ut sit: 
F(<f!) + F(«> = F (») i F($) - F(«) = F<3), 
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erit : 


<P 

y ' k 7 liti « coi «An . li n 1 . d $ 
jl — . .ib‘ ?>! A((fl) 

0 


F«t>)E(. 


Ew "T J 


E(4>) A<P 


= F ($>) E (*) 


- tP 


(»)•<<» 

Ai$J 


T J 


'E( <pj • d<£ 


"9 0 0 
ita ut tertia species lntegralium Ellipticorum , quae ab elementis tribus pen- 
det, Modulo h, Amplitudine (h , Parametroct, revocata sit ad speciem pri- 
mam et secundam , et Transcendentem novam 


J' 


«(»)•<>» 


quae tantum a duobus elementis pendent omnes. 


50 . 


Ponamus F(»,)= 2F(«), quoties $ = a, fit «=■», $=0, 
e theoremate proposito nanciscimur: 


1) 


/ 


k* sin a cos a A a . sin* i p . d(f) 
(I — k* sin 3 « . sin 9 &(Pj 


F(«)K(.) 


L /* *E(»)- J» 

i J &(P) 

o 


(|uo igitur casu 


Oiiae docet formnla, in locum Transcendentis novae substitui posse et hanc: 



sin' £ . d v 

[1 — It 1 itn 1 u . jin’ A ($; * 


ijuod est Integrale tertiae speciei definitum, in quo Amplitudo Parametruni aequat, quod 
igitur et ipsum tantum a duobus elementis pendet, a Modulo k et quantitate illa, quae 
simul et Farameter est et Amplitudo. 

Ponamus 2 F (?) = F($) -k- F(«) = F (»), 2 F (^) = F (<f>) — F (•) = F($), 
erit ex l): 

e fx 

1 / r . .... r* k 3 un/uco*,u Afi . *in*$> . 6p 

*./ ~ W -t“- J jt_l*rinV .ub’ 

0 0 
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9 •? 

1 / *K(i r) . d V _ _ P V’.in c>co»OA ■». sin’y . dy 

2,7 A(y) 4 V | 1 — . «ii*^ A(y) 

0 0 

quibus in theoremate, §° antecedente proposito, substitutis formulis, obtinemus se- 
quens 


THEOREMA II. 


Determinentur anguli fi, 'J) ita, ut sit: 

f w = iM+£M_, = 


ertf ; 


... . r ,!o ’» ■ j v 

It »m oc co» a oc / — , , — — ■ - - 

./ (1 — V' wu oe . «m* tf i A(v, 


o 

r(r)E(«) - f(m)eCu) + f (*)*(*) + 

* r 

t’ im^coiuaM ./ ■ . , — — 

./ |l — k «uV • *“ IPl A(y) 

0 

i 

— k »111 i* CO* d A ^ . / — - — — , 

J SI — k’«a’*. *m>J A(v> 

0 

9«a formula Integralia tertia te speciei indefinita revocantur ad definita, in 
quibus Amplitudo Parametrum aequat , idcoque quae ab elementis tribus 
pendebant, ad alias Transcendentes , quae tantum duobus constant. 

Commutatis inter se a et f, abit -J in — $, e immutatum manet, titule cum 
insuper sit: 


— 9 

e theoremate I : 
j f 


r K(y) - <i v _ r 

J ' J- 

— 9 +9 


Efy) ■ &<r 
a( V ) 


/ k* sin « cos s^s . un'». da 1 / ’ 

ft-k’.in’« . .inV!&i>j “ “ 7 ' “ T./ 


Eiy) ■ J y 
A(yO 
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oblinemus: 

9 , 

kGinyco.yAy ..in’«.d« _ Ff . )E( , L C ~ . 

|1 — k* *m J (p • lin’ «i A («) 2 & (V ) 

Hinc, sul>duclione facta, prodit: 

tp * 

n Vnnacotx A» . »in*y • <ly _ P k’ »in y co»y Ay ■ «in*» ■ d« _ 

/ jl^k’ lin'* iiu’yj A(y) J |l — k’»™’ y . mh’«1 A(«) 

*0 0 

F (y ) F. («) — F («) E (y) ; 

ijuae docet formula, Integrale tertiae speciei semper revocari posse ad aliud, 
in quo, qui erat Parametcr, Jit Amplitudo, quae erat Amplitudo, Jit 

Parameter. 

Ubi in formula 2) ponitur $ = — , obtinemus: 


f * k ! »in«CQ»«Ac< . lin y ■ dy _ p' E( ee )_E I F(«). 
f 1 1 — k’ >io’ « . lin' i/ i A (yj 

‘o 

Formulae 2), 3) cum iis conveniunt, quae a Cl. Lrgeudrc exhibitae sunt Cap. XXUJ. 
pag. 141. (n), (p)- 



integralia elliptica tertiae speciei in seriem 
evolvuntur, quomodo illa per TRANSCENDENTEM NOVAM 0 

COMMODE EXPRIMUNTUR. 

51 . 


E formula : 


sintam — (x*pA) — »in*am— {* A) — 


SUA 2KA . JKA . SKi 2K« SK. 

4 sin aro cos aro A am «** an > co * * m — ” ^ am “ 


i 2 K A tK» ,* 

' 1 — k* sin’ am . «a am ; 

I n * ) 
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(juac cx elumenti* constat, eruimus iutegraudo: 

X 

I) — — f' d t . v«o* «n A) — sin 1 am — — (* — A)l = 

ir J \ * 5r I 


„ *KA IK A * K A . tKi 

Sanam c«s am A am . sm ara 


I — k'.sin’; 


ZKA . , ZKs 
. sin' am — 


lam dedimus § 4 1 formulam: 


/2kK\* . ZK a ZK ZK ZK ZE* , (ZqcosZs 4q‘eos4s 6q‘cos6« I 

I I no am 4 — — + — 1 ; — "T 

, * / w sr n ( 4 — q’ 1 — q 4 1 — 4 


unde: 


• , *K . , ZK , I 

I 1 vHB 7 am - —(»4* A — hi» im (* — A); = 

\ tr / l rt n j 

A | 2qco*2(s — A) t 4 q*cns4(x — A) % 6q*COs6(x — A) J 

\ + — W — + — T=v — + ■ •» 

A I Zqeostfi-f- A) 4 q’ cos 4 (« -f- A) 6 q’ ens 6 (s -J- A) | 

I 1-q’ + TZlf h "l _ 


,1 *q sin 2 A sin Si 4 q ' «in 4 A sin 4 x 6 q’ sin 6 A sin 6x ) 

1 — + — rr* — + • , 


T 


Hinc fit ex l): 


ZK 


. ZK A ZK A . ZK A . , ZK. 

z k sinam — ■■ ■ cos am A am - - ■— . sin am — — 


, .... *KA ,, ZK, 

1 — k sin am . »m ain 


Consi. + 4 


— 4 


Consi. — 8 


t 

q sin 2 (i — A) 

. q’sin4(«_A) 

q’sin6(x — A) 

. -i- 

r 

1 — q* 

+ i-q* 

+ l_q 4 

i 

i 

q >inZ (, + A) 

q’sio4(s + A) 

qViin 6 (t A) 


V 

‘-n’ 

+ 1_, 4 

■ + l_q* 

T 

( q sin 2 A cos 2 » 

( q 9 sin4Acos4i 

q 1 sin6 A cos 6 1 

4. 

1 

I_q' 

+ l-q- 

+ “ t— q* 



iihi ita determinari debet Constant, ut expressio proposita pro x = 0 evanescat, unde 
e §. 47. l): 

_ o f q sin 2 A t q’ sin 4 A f q* sin 6 A j ^ 2K ^/2KA\ 

i — q» •- if ~ y J ■ 


1 -q* 


l-q« 
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Formula 2 ) a x = 0 usque ad x = integrata, cum prodeat — . Const. , reliquis era- 
uescentibus lermiui», posito = n, eruimus integralc definitum: 

n 

* k T sin un » coi im a A >m a . sin* im u . d u 


f' 


1 — k* siu' ani a . sin 7 ani n 


= K.Z(a). 


(|uod idem aiquc $) §-50. 

Designabimus in sequenlilms per characterem n (n , a, k) seu lirevius per n (u, a) 
integrale: n(u,a)*> = 


I- 


1 — k’ sintam u . sin 7 y 


’r 

/ L 7 iin « cm k^r . «in 7 < 
jl — k**in’ a . mr 1 ^ 


* 


o 0 

siquidem <P = ntn u, « = am a . Ouibux positis, ae(|uatione 2) rursus integrata a x = 0 
usque ad x = x, prodit : 

/ SEi *KA\ 

„ n(_.— )- 

JKs / 2 K A 1 ( qcoi2(« — A) , q ; «j S 4(<-A_) ___ q 'cni6(« — A) . J 

—^ Z \—T )- \ l-q* + — + * 1 



q T cos4(s — A) 


q’coi6(* — A) 

T 

*a-f> 


S(t-q«) 


q’ co» 4 (x + A) 


q 1 co*6(x+ A) 


*(t— q') 


3(1— q*) 


q’ sin 4 Asinis 


q’sin 6 A sin 6 * 

T 

*(* — q’) 

i 

S(t— q*) 


quae est lulegralis Elliptici tertiae speciei evolutio quaesita. 

Ubi adnotatur evolutio nota: 

| q a co*4 x q'co»6* q 4 COl8t 

_ log(l— *HCOJ* i + q") = Ijqcoi*» H - + g h 


/ def 

—T—. : , , • : >•» ut , quod os- 

{l + nnu <f, 


bis e»t n (u , ») , UH erit : 

— coi ot A u 


F(y) -f* cosat ^f c n( — I i"hb , «, <f). 


Quod signum n ne cum signo multiplicator io 11 , saepius a nobis adbibitu * commutetur , vis moneri 
debet. 
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videmus formulam 3), singuli* evolutis denomin&toribus 1 — q*, ' j q* t q*, cet., 

hanc induere formam: 


4) «(1^.111) = 


T-+ K l . !■• 


SK« /*KA\ 1 / (l— *qco,*(i_A) + q*) (l-*q>coit(r— A)+q«) .. . 1. 


* \ * / * l (l — 2 q cos 2 (i' 


(1— Sl«M*(t+A) + q*) (1— *^’co*t(«+A) + <I«) ... 1' 

: i— -t- / 


• . . g2 »• 

Integrata formula l) J. 47: 

11 Z 1-^-) TT7T 4 1 ^"*- + 1 ’ ,i *** S' tln8t ■ T 

v \ ir / 1 l — q’ 1— q« 1 — q* 

a x = 0 usque ad x = x, prodit: _1 1 . - -i- 

{'T 1 * - 

B 

IK P ( tKi \ /qeo.2i q’co«4. q'ca>6i . > 

—J ) *' - - 4 h=r + + fer + • i + Con “ 


- - i« i 'i 


. U \w ‘t t* i-. , •* II 

= *0« f(l — — *^'coatx-fq*)(i — Jq*CO«ti-f q«) . . . J -f- Coiut. 

< ‘ . * • | ^ 1 • (' V - * ' ‘ 

ubi Constans ita determinata , ut pro x = 0 eranescat , iit = 


:• n 

. I I.i >. 


. . I f v n.i . .•! »1 . .. p , #:[* i i.i i ) i-.** j» 


q’ 


.U-i 


ideoque: 


I) 11 Czi iK ‘ 1 d — I 1 (1 — 2qtcn2i + q*)(l — «q’lo»2»-t-q»)(l— t q»co> 2i-}- q'°) .... 

*J l v / i(i— q)(t— <t')ct— q*) •••i’ r 

0 -!..• • 

> . ; . ., » 

Designabimus in posterum per characterem ©(u) expressionem: 

u ., .; i.i • . * i . i u.li 

U j 

/ «»«* af.llin 

Z (u) . du 

»(«> = 8(0). 0 : 1 1' : \ , , \ 

designante ©(0) Constantem , quam adhuc indeterminatam relinquimus, dum commodam 

eius delerminatiooem infra obtinebimus : erit ex l): 

.| • -»q 

*(~T~) (l-2. i co. 2.H-q , ) (l-2q'co,2» + q»)(l-2q-co.2. + q ^ , -.,„ '•'* ^ 

' O /AS " 


«( 0 ) 


ici — q)(l — 8*)C1— q») ..•!* 
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unde formula 4) §. 61 in hano abit: 

/ tKi 2K A \ tKi / tK A \ , t , 
. 2K» tKA 

sive, rursus posito — — s: u, — — = a: 




!> ne. .) . . zm + -f t 1 *»- 


e<«— ») 


«(“+*) " e» T t efu+a) * 

siquidem |>omtur: = ©'(u). Quae est commoda expressio Integratis Elliptici n 

per Transceudentem novam 6. 

Facile constat, esse ©(— u) = ©(u), unde commutatis inter se a et u, e S) 

. - i 

prodit : 

n ( ., .) ,z(.) -fr-i-iog. . 

quibus a S) subductis, fit: 

4) n (u , •) — II(i| n) s n Z (•) — iZ(u), 

_ j 

quae eadem est atque formula 2) §. 50. Hinc, posito n(K, a) = n (a), evauescente 
n (a, K), Z(K), fit: 

n*to«*KZ(.). 

quae est Cl 1 Legendre, quam supra exhibuimus 5) §. 50, formula. 

Posito u = a , e S) fit : 

Videmus igitur, Transcendentem novam sive per Integrale J ' definiri posse ope 

formulae : 

^ ... /V E( v )_E>r( v ) 

au -* w J — f: 


6) 


n 


«<°) 


- .0 


' a (T) 


. ei tf 


sive per Integrale definitum tertiae speciei ope formulae: 

_ »(*.) *»zw — inf., .) 

•) ' A ~~ — < 

•W) 
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E formula 5) nanciscimur : 

i 

_s+i.,(s±r) + „(4i.s±i). 

unde 5) in hanc abit formulam: 

8) n(u. a) = U Z(.)+ .z(— — J- — — J 

quae est pro reductione Integralis t. sp. indefiniti ad definita, atque cum Theor. II. 
§. 50. convenit. 

COROLLARIUM. 


Uti iam supra ex evolutionibus inventis Algorithmos ad computuu idoneos deduxi- 
mus , minus ut nova proferantur , quam quo melius earum perspicietur natura : idem rur- 
sus agamus de inventa evolutione functionis r 


(l—tqcfull-t-q^l — *q’eo« *. + <l«)(l— *q» eo* 

l(l-q)(l-q i )(l-«|‘)...| 
t^uem in finem antemittamus sequentia. 

Ponatur productum infinitum: 



siquidem iteratis vicibus substituitur: ' 

d_q*) = (t-q)(t+q). a-q*) = (»— qW+q*). U-q’) = (t-q‘)(t + q‘) 



f' 


r'cn r ) 




prodit : 


T = 



T 2 
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: i 




unde videmus, fore: 

1) T = (l-q)(l_q)* (1 — ^)* (l_q)*fl_q)'V.. ■*= (1— <J)*“ 

* - s. 

Sive etiam cum sit: 

"i “ i 



iit T = (1 — q) i/T, uude T=(l— q)’..: 


Bx l) fit: : 1 r ' "> 

/ t_ q \i t i_„* \J 


■> - 


•> . — — 


• i- i 


tjua in formula loco q successive ponauuis q, q‘, q‘, q’, . et instituamus infinitam 
multiplicationem. Advocata formula supra exhibitae- 

•/V- ( -~- q (— S- ) (±^3L | ^ ) . . 

U+l/U+lVU+f/U+s’) 

prodit : 

{l-<0a-q’)(l-q*)(l-V) ... = ... >. ! 

siquidem designamus, ut supra per k"”' quantitatem, quae eodem modo a q" pendet atque 
k' a q, sive Complementum Moduli per transformationem primani n’* ordinis eruti. 


I 


Porro invenimus §. 3fi : 

« /w f 

{(t— q)(t— q’)(t— q*)(t— q’) • -|*= 

unde iam: 


H ' S >! l -■ t 


— «x 1 


9) ’ = * K 


sr 

IfL,.,.)» 
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Posilo m = 1 , n = k'; = m', /mn = n’; =s m", /" ni' n' = u ", 

. . -*■ ’ 

cet.; notum est fieri k"' = k'* 1 ^ k ,,f — ^ cet, unde: 

o ’-- s S5F--{G)*(5)*£) , --f' 

i 

Hinc etiam fluit, designante ju = limitem communem, ad quem quantitates m' 1 ", 
n"” convergunt: 

S) K ~ TJTr 6 "ma — n n + + T lo *~ + T !<,|! 7* + ‘ * )' 

quae formulae computum expeditissimum suppeditant. Docet 5), quomodo cx eadem 
quantitatum serie, quam ad inveniendum valorem functionis K calculatnm hal>ere debes, 
ipsius etiam K' valor confestim proveniat. 


#«■'*» t . 


Formulam 5) transformemus. Fit, ut notum est: 

4 kk 4k-' 

I + k<’> ’ * 1 + k" 1 ’ un ^ e k' * k«'k'’'’ • 

Hinc obtinemus, siquidem iteratis vicibus simul loco k substituimus k ’ 1 atque radicem 
quadraticam extrahimus: 

16 k \ / V 16 k'**' / 

( k‘”k , » t*J„ w )* _ I k«»k<«» l> 
t 16k'*’’ ) \ f \ 16k’"’ / 

. k .. , k<; , ,i ( sl f k»*k«> »* 


unde posito p = 2 : 

kk t i i i* 


— n K/ 

Hinc videmus e formula s), q = e K limitem fore expressionis j - ^ cre- 

scente n» seu p iu infinitum, quod est theorema a €1® Legendre inTentum. 
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Nec non rei ipso intuitu formulae a nobis exhibitae: 



patet, neglectis quantitatibus ordinis q F , fore: 

p/ i'P'1'P* 

V “ s - • 

quod cum dicto theoremate convenit. 


lam iu formula nostra 



loco q substituamus successive duplicem quantitatum seriem: 

q*e*‘*. q‘e ,|x , q’c* , >‘. . . . 
qe-* 1 *, q*«~*'*, q** - "*. q’e - ''* 


et infinitam instituamus multiplicationem. Advocetur formula §' S6 : 


a 


2 K x 

ara ■ ■ — 
* 


Sv 


(1 — 2qco.2x+q , )(t — 2q’ co»t« + q*)(l -2 q» C«t« + q ll ‘) ■ • 


ac designemus per A ,? ’ expressionem 


A im 


ir 




(1 — tqPcoxtpx-pq^Kl — «q^coxipi-f q*P)(l— 2q , ’ , coi*px + q‘ 1 ’ 1 ’) • ■ . 

(lq- 2 ql'co.*p«-+-q , l , l(t + *s’ , ’cox2pi-t-q*P)"(t + tq*P c o.*|.t4.q“P) 


provenit: 

4 5 &i*>< A 1 *’*. 


(1 — iqcOltx + qOtl — *q’co»*x + q , )(l — *q*COX*«-+-q“) . . . 

t(l — q)(l-q’)(l-q*) ...f ‘ 


Factorem constantem, quem adiecimus, , « SU F* mventis sive 

eo determinavimus, quod utraque expressio, posito x = 0, unitati aequalis evadst. 
lam vero invenimus : 



e<0) 


utule 



»( 0 ) 


(1— 2qco«ii-hq*)(l — tq^xtl+q^Cl — 2 q' COI» x + q") ■ 

t(t— i)(i— 9’) •• *f 




Digitized by Google 


151 


Hinc posito — = n, am n = $, et advocatis formulis, quas Cl, Legendre 

de transformatione secundi ordinis proposuit , nanciscimur sequens , quod computum 

. \ 

expeditum functionis © suppeditat, 

THEOREMA. 


Ponatur am (u) = <J>, m = l, n = k', A (<p) = / m m cos 1 (J) n n sin’ $ = <4 , 
et calculetur series quantitatum: 

, m-f-o * m'-+-n' m nT-f-n" 


= /■» 


mV , 


. A A + n' n . _ A'A'.4-o # a" . m 

A = — . A aa — , A 


*A 


l A 


/ n<"n’ , . 

A'A'+n"«" 

JS* • 


erit : 


ero 


/ r'E(y)-E-rfr) ^ 

F'A(y) * /£>1 /A'i* (A* ( * /A~i* 

_ U I ■ I m' / ■ (m"/ ■ lio ■ ■ ’ 


Cuius theorematis absque evolutionum consideratione per formulas notas ac Uni- 
tas demonstrandi negotio, cum in promptu sit, supersedemus. 


DE ADDITIONE ARGUMENTORUM ET PARAMETRI ET AMPLITUDINIS 
IN TERTIA SPECIE INTEGRALIUM ELLIPTICORUM. 


53 . 


Formulam in Analysi Functionis © fundamentalem , et cuius nobis in sequen- 
tibus frequeutissimus usus erit, nanciscimur consideratione sequente. Etenim quia po- 
situm est: 


u 

/ k* sin am a cos am a A am a . *in* am u . d u 

\ — m s * 

1 — k’ am* am a . sin* am u 


fit: 


d II [u , a) k’ sinam a eos ama A ama . iin'smu 

1 — k’ sin 1 am a . sin'am o 


4« 
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Qua formula secundum a integrata ab a = 0 usque ad a == a , prodit : 


15 / d - 


d n (n , ») _ L |og ( t — k’ ita 1 iui a sia* un u) . 

d u i 


Fit autem e 8) §. 52: 
in(«, a) 


unde: 


da 


d. II(u, ■) 


Z(.) + 


l 8'(u — a) 1 9'(a+») 

* 8(u — .) t 8(u + a) ‘ 


«(») 


8 ( 0 ) 


f )»• " “ *®S j- log 9 'u — .) j- loj 8(u +») + log 8 («) , 


quibos substitutis, dum a logaritbmis ad numeros tranis, e l) obtines: 

{ 8 a . 8 a t* 

— ! (t — k" lin’ »m a . iln’ am uj . 

Formulam 2) ita repraesentare possumus: 

kSinaraacoaamaAaina . ain’ainu , 1 , I , , 

: = Z <*> + Z(* — ») — Z (u+a), 

I — k sin am a sm am u Z Z v 

unde commutatis a et u: 

l^ainam a eonraodima . «in* ama 


Z(u) i.Z(u — a) i-Z(„ + a), 


1 — k* sin* am a sin 3 am u 

quibus additis formulis prodit: 

4) Z(u) - 4 - Z (a) — Z(u-f-a) = k* sinam u . sisama . sinam (»-+*a) » 

(piae est pro Additione functionis Z, atque convenit cum formula 8) §.49: 

E {>f ) -f- E (a) — E (<r) = k 1 sin (f . sin a . sin {T . 


Posito a = K, cum facile constet esse Z(K) s= 


F , E* — E'P' 


= 0 , prodit e 4): 

5) Z (u) — Z (u -f- K) = k* sin am u . sin eoam u , 

quam §.47 ex evolutione ipsias Z derivavimus. Posito — u loco u, K — u 
e formula 5) obtinemus: 

6) Z(u} -f- Z(s) = k* sinam u . sinam ▼. 

Posito u =V = fit: 2Z(iL)= t— k"). • 


- '- \ 


*) Eat enim 


K f 1 K k’ A K /V 7 K 

nm: imam— ac y jq-jv. coi am — = y jq-jr, a am — = i k , ig am — - = 


1 

/V 
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u 

Formulam 5) inde a u = 0 usque wl u = u intraremus. Cum sit ^Z(u) . d u = 


•°g W . P r o<lit 


i ®“ i ®C U + K ) . . 

lo *-»F ~ Ios --0ckT' = - ,os 4 * n,u - 


„ 80 0(u + K) 

75 BK— Wi A *' n,, • 

Posito u = — K , eruimus c 7) valorem ipsius 

~ 0K 1 
85 80 = /- k T ’ 

unde 7) formam induit : 


9) 


0 (u -p K) A un u 

7v 


8u 


Formulam 9) ex inventa evolutione: 

' "• ' _ (t — gqcoif s-fg^t — gq'«iigi-t-q«)(l — gq‘eolg» 


0 ( 0 ) 


q^COfZi+q'®) . . . 

t(i — <o(t— «o (i-,*) ...r 


facile confirmamus. Fit enim, mutato x in x -t- 


0 ( 0 ) 


unde: 




_ (I+tqco«»i + .|*)(l-Hq 1 coii»4-.|»)(l-f.gqi C ji t e 1 -).qi'') , 

l(t-> t)(t-q’)<i-«i*)...p 


_ (1 -f- 3 q Cra 3 » -f- q’)(l -) -g q 1 Cfl» 3 1 «p q<) (t -p 3 q 1 eoi g 1 -t», 1 ") . . . 

— (1— SqcoiTi+q^tt— tq , co»lM + q*)(l_*q»eo«*« + q ; Tm 


quum ipsam expressionem invenimus §. S5. = 


A am • 


2 K t 


/r 


• , uti debet. 


E formula 9) expressiones n(u-p-K, a), n(u, a-t-K) statim ad ipsum n(u, a) 
revocamus. Fit enim: 

U 
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1 fl(u + K-») 

10) n(u + K, ,) = (u + K)7.C) + T »og- e [ u + K+,J 

1 ©fu — s) 1 , 

= <u + K)Z(.) + — log. + -j-log 

1 . Aam(u-a) 

= n ( u, .) + k . Z(.) + — log . L-p-L 

1 ©fu — »— K) 

.1) ne. a + K) = iZd + K) + = 

1 0 (u — a) 

u Z (a) — k* sin atn a . sin eoam a . u •+- log ~ Q ( j" ~)“ ' 

1 Aai«(u — a) 

IX (u , a) — k* sin am a sin eoam a . u *4- — r— log — — ■ — — 

' ' 2 Ziaffl(u*f a) 


A am (u — a) 
A am (u a) 


1 Aam(u — a) 

2 ® A am (u -f- a) 


54 . 


E formula fundamentali , cuius ope functio n per functiones Z , © definitur : 
t) n ( »..) = »z W + T iog._^-. 

advocatis sequentibus et ipsis in Analysi functionum Z , 0 fundamentalibus : 

II) Z u — Z(u + a) = k a sin ama . tinamu . sinam (u-f-a) 

III) 0 (u-f-a) @(u — a) = | j (1 — k* sin* atn a . sin* amo), 

iam facile formulas obtines et pro exprimendo n(u-t-v, a) per IT(u, a), n(v, a), quod 
vocabimus de Additione Argumenti Amplitudinis, et pro exprimendo n(u, a-f-b) per 
n(u, a), n(u, b), (juod vocabimus de Additione Argumenti Parametri theorema. Quem 
iu finem adnotamus sequentia. 

E formulis: 

1 , ©fu— a) 

nfu.,)= U.Z. + — log.-^-j-^ 


n<v. ») 


„ . I . 0(v — ») 

V.Z. +T l0,.-— ;• 


1 0 (u 4- v — a) 

n (u+ v, ,) = fu+v)Z» + T log • -* (U - +T + 1) 


sequitur : 
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Expressionem sub signo logarithmico contentam: 

0 (a + a) . © (v + a) .• 0 (u + 1 — a) 


ope theorematis fundamentalis III. duplici ratione ad functiones ellipticas revocare licet. 
Fit enim ex eo primum: 


®(o— •).©{▼— «) 


©(«+.). e (T+.) 


® (a -f- y — a) 0 a 


0(u + v-fa)0a 



quarum formularum prima et quarta in se ductis ac per secundam et tertiam divisis, 
provenit : 

^ ©(a — a).®(v — a) . ©(u-+-v+a) 

0(u+a). ©(v+a). 0{u-J-v — a) — 


/l 

i ■ » ( n + T 

1 . cin" nm 1 . 

- aVfl Vun'*w(' ,+V -\ 

sin* «re f +' -4- »1* 


1 • SIU »1.1 1 V 
' \ 2 

/Jl 1 * / 

‘ i,n ,m 1 I + 

1 / U Y 

1 1 L* sm i _____ 

1 . , / >*+v 


... / u + r .11 

{ 1 — k sin aro l -~r 


+ ;n l * ) 

. <m am ( g > Jj 


Sic etiam, quae est altera ratio, ubi theorema fundamentale 111. hunc in mo- 
dum repraesentas : 

(0u.©t^* 0(u + v)Q(a — v) , 

i 00 ) 1— lt'»n a amu . ain'amv ' 


fit : 


| 0(u — a) ©(» — ») |* _ ©(u — t) . ©Cii + v — 2a) 

j ©0 I 1 — k’«o’ am (u — •) . «io* iri (y — a) 

f Q(u + a)Q(v + «) 0(»-T).0(u-fT4.g a ) 

) 0 0 / 1 — k*sin* am (u-f-a) • «in* am (v-f-a) 

( 0« . + ®(u + y) , 0 — 8 a) 

) 00 | i — k’ sin’ am a . iin* am (u-f-Y — a) 

U 2 
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f 0a . 0(u-f T-f-a) i* 0(u-py) • 0 (u+v-p2a) 

i 00 | 1 — k’ sin’ ama • lin 1 am(u-p y-pa) * 

quarum formularum rursus prima et quarta in se ductis ac per secundam et tertiam di- 
visis, ex tractisque radicibus provenit: 


0{u — a) . @(t — a) . 0(u-4-v-f-a) 
@(u-pa) . 0(v-f-a) . 0(u-pv — »j 


~ {1 — (u-f-a) . sin’ am (v -p a)| 1 1 — k 7 sin 7 am a . sin 7 am (u-p v — a) J 

* J t — k*aiu’am(u — a) . sin’am(v — a)} {1 — k* sin* ama . sin’ arn (u-p v-f-a) J 


Ut ex ipsi» elementis cognoscatur, quomodo expressiones 2), 3) altera in alte- 
ram transformari possint, adnoto sequentia. 


Ulii in formula, iam saepius adhibitu: 

. . . . , , *in’atnu — iin’imv 

sioam (u + r) . unam(u-v) = -- — — — 

1 — k* aiu* am u • nu am i 


loco u, v resp. ponis u-+-y, u — v, prodit: 

0 . Q sin* am (u 4- v) — -*in*am(u — v) 

sinam 2 u . sinam 2 t = ; — : i 1 . 

1 — k* sin* am (u -p v) . sin’ am (*» — ») 

Porro dedimus formulam : 

. . , , . . . . o . 4 sin am u . cos imu.^ am u . sin am v . cos sin v . A aut * 

sin am (u -p v) — wn am (u — v) = . 

|l — k’sin’am u sin*am xf ' 

unde multiplicatione facta, obtinemus : 

4) l-l*.in’>m(u + v) . siu*am(u-v) = 4 " ua "‘“ • £»■■■ v 

sia am 2 u . sin am 2 v } 1 — k* sin* ai» u . aio* ara yf 

_ |1 — k’ sin 4 am u { { 1 — k* sin 4 am v ) 


{ 1 — k* sin* am u . sin’ am t J* 


cuius formulae beneficio formulae 2), 3) iam facile altera in alteram alienut. 
E formula 4) adhuc deduci potest haec generalior: 

5 j f t — k*si a*am u . sin* am y J J 1 — k* sin*am u . sin* am v'j 

(1 — k’ sin* am u . sin’ am u'j { 1 — k'siri’amv . *»u’amv'j 
y 1 1 — k* sin 1 am (u -f- u') . sin’ am (u — u ) H t — k* sin* am (v -f- v') . sin* am (y — v') f 
1 1 — k 1 sin* am (u -p v) . sin’ am (u — ▼) J J 1 — k’ sin’ ani (u'-p . sui* am (u' » . J ’ 


*) Nola enim est formulae: sinam 2 u 


2 sin am u . cos am n . A am u 
1 — k’ sin 4 an» u 
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At O. Legeudre eo loco, quo de Additione Argumenti Amplitudinis agit, (Cap. XVI 
Comparaieon dee functione elliptiquee de ia troieiime eepece) eam, quae suit .signo loga- 
ritltmico invenitur, quantitatem sub forma exhibet huc: 

1 — k* iin am a . sin atn u . sin am v . sin ani (u + v — a) 

1 + k’ sio am a . aio ani u . sin am v • sin am (u + v -fr- *) ' 

quam non primo intuitu patet, quomodo cuui expressionibus a nobis niventis sive 2) sive 3) 
conveniat. Transformatio satis abstrusa hunc iu modum peragitur. 

E formula eleraeutari, cuius fmpienlissimam iatn fecimus applicationem, (it: 


mu am u.jinunv — - 


sin ani a . sio am (u + v — *) — 


• 1 i “+ v i . , i 

sin* am | — - — 1 — sin am | 

1 c 
» i 

1 ^ 

1 *— k 1 sin’ am | 

1 “ + v 1 . , 

— r — 1 »111 am 

l, * ! 

(t) 

»m* arr» | — 

V \ - , / 

u + « 

— 1 — »in ani 1 

* 


1 U + V 1 . . 

/ U+v 

1 — k a sin* am | 

[— j— )»m’ »m 

(— - 

prodit: 


. . . / U + V 

\ . « ( 

suram I — - — 

1 sin jiii I 

. jinaniu . sinamv . sinam (u + v — a)^ 


-,))x 


_ k . |,; n ' Jin _ jin’am | {*„•»„. (-i±JL) - ( 

Altera aequationis pars evoluta , terminis 

— k'sin , am -j Jmq’soi — j + >iu'jui ») [ 

+ k’ ‘in’ »m j (““* “ m (~T“) **" ,m ( "4~ — J 

se mutuo destruentibus, fit: 

/ u + v v / u — ▼ \ , /u + v i 

1 + k 4 s»n 4 ain I — - — I suram | — - — I sin’ am I — ~ a } 

-kWamf^J -kW.„,p=l) ai..'..., (^±1 _ .} = 

jl— k* »in‘ am ) j |t — k’wu'am ( “ , a j j , 


u + v 
2 

«J + V 


-,n 
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unde tandem prodit: 


6) 


1 — k* iiu*am 



— . jl — k' sin am a . «in am u . 

1 * ) 


l — k* sin’ am | 


1 ! )““( 2 J 




, * ; l 2 / 


»(■+*—»)} 


Hinc mutato a in — o, eruimus: 


1 — k* sintam) 

r»+*\ 

sin 5 am | 


i 2 J 

l * / 

1 — k ? 

sin* am | 

u + v j 

\ 


* J 

} 


jl q- k’ *in >m * . ita »m a . «in *m v . «io am (u -p * -p a) j 


1 — k’ sin 1 am | 

u— 

| sin’ am | 

r-+* + ,) 

* J 

i * + ; 

1 — k* sin* am | 

fU + T ' 

| sin 1 am | 

pt 1 **) 

l * i 


unde divisione facta: 

1 — k 9 «in am a . «inamu . tinam v . «inam(u-pv — *) 


7) 


1 — k’nnima . sin am u . tinam v . «in »m (n -pv + a) 



quae est transformatio quaesita expressionis a Cl. Legendre propositae in expressionem 2). 

Formulam 6), posito u, a, v loco —j— > — B > ' la <l u<>t l He reprae 

sentare licet : 

8} 1 — k f sin am (a *+- n) . ain am (a — - u) . sin am (a v ) • *' n * m (•■—*) “ 

{1 — k’ «in* am a}ji — k’*in’ amu . silani v} 

J U— k* sin’ am a . sin 5 a n u J { 1 — k* sin* am a . sin’ am v | 

umle formula 4) ut casus specialis fluit , posito u = v . 
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55 . 


E formulis §* autecedeutis l), 2), S), 7) sequitur: 


i) n(u, ») + n(v, •) — n(u+ T> ») = 


|l — k* sio* am 

F?) 

. sin*am 

— *)} j 1 — 

( “ + »! . , 

— - — 1 . sin* am 

P?-)} 

1 1 — k 3 sin* am 

( u— v 

* J 

. sio*am 

^±l + .)}{l_kW.n, 

■+▼ \ . , 

[=t=--W 


1 j o f l — k*sin*am (u-f-«) • a»n*am(v-f*a)l f l — k**in : ama sintam (u-f-V — a)J 
4 ( l— k*sin* am(u— a) , sin* ani (v — a)| ( 1 — k* sin 1 ani a sin J ani (u -f- v -f-a) } 



1 — k* sin ama . linamu . sin ain v . sia ani (u -f» v — a) 
1 ■+■ k 1 sin ama. sio atn u . sin ani v . sin am (u-f-v-f a) 


quod est theorema de Additione Argumenti Amplitudini». Prorsus eadem methodo investi- 
gari potest alterum de Additione Argumenti Parametri , at ope theorematis de reductione 
Parametri ad Amplitudinem, quod nobis suppeditavit formula 4) §. 52: 

IV) II (u, a) — n(a, n) = uZ(a) — aZ(u), 

e formula l) idem sponte iluit. Etenim e IV. Iit: 

n {., u) — n (u. a) = a Z (u) — u Z (•) 
n (b, u) — II (u. b) = b Z (u) — u Z (b) 
n (»+!). u) — n(u, u-fb) = (i-fb)Z(u) — uZ(a-t-b), 


unde: 

n(a, ») + n<u, h) — n(u, «+b) = 

n(i. ») + n<b, u) - n(s+b, «.) -h »!Z(.) + Z(b) - z(.+b)|, 

sive cum sit ex l): 

. . __ . , 1 , I — k* sin am u. sin ama. sinam b. sinam (a 4- b— u) 

n(«, u) + n(b, u) — n(»+b, u) = — log . . T ; — ; 

Z l-f*i sm am u . sin am a . sin am b . sin am (a + b-f" u) 

porro e II. : 

Z (»)■+• Z (b) — Z (a -f- b) = k* sin am a . sin am b . sin am (a 4" k) , 

fit: 

*) n(u, ») + n(u, b) _ n(u, »+b) = 

... . 1, 1 — k* sin am u . sin ama . sin ani b . sinam (a 4-b — u) 

k* sin am a sin am b sm am (a -f- b) . u -f- log . — — ; : . ■ , 

2 1 k sin am u . sinam a . sinacnb . sinam (a-f-b -f-n) 

quod est theorema quaesitum de Additione Argumenti Parametri. 


Digitized by Google 



160 


Alia* eniimns formulas satis memorabiles consideratione sequente. Fit enim e 
theoremate 111: 

| 8(u — >). 0(v — b) |’ _ 8 (b+v— a — h) ■ 8(u — Y — a+b) 

( ®(0) / 1 — k’ iin J am(ii— - ») . lio' am(Y — b) 

| W(u+a) . 8(Y + h) j*_ 8{u+Y + a + b) ■ 8(u — Y+l — h) 

\ "0(0) | i — k 7 sin* am (u + ») • sin* am (v 4- b) 


lam c theoremale I erit: 

l , 8(u — a) . 0(v — b) 

n(u, .) + n(Y, b) = uZ(.) + Y Z (b) + — log . - 0 (u e (T - b) “ 

t Q (u4-v. ■> — b) . 0 (il“t 1 1 b) 

n (u+y . *-H») + n («-» . »-!■) = <-+') z (H-b) + z (.-b) + T H- e(u+H ^ H , ) . 9 ( u _ t4H ._ b) • 


unde : 


8) n(u+v, a+b) + n(a— v, »— b) — in(u, •) — *n(», b) = 

(u + Y)Z(a + b) + (u — v)Z(a— b) — *uZ(a) — IyZQO + 

1 . 1 — k’»in’am(u — »).«in*»m(Y — b) 


-log 


1 — bSi!) 1 jm(u + a) - »io'aai(Y + b) 


sive cum sit : 

Z(») -t- Z(b) — Z(a+b) = k’ sin wn a . sin am b . linam (a + b) 

2(a) Z(b) — Z (a — b) — — k’ainama . linamb . ainam(a — b), 

prodit 2), S): 

4) n(u+v, a+b) + n(u — v. a — b) — in(u, a) — *II(y, b) 

— k’ sin am a . tin am b ( «n aro (a+b) . (u + y) — tinam (a— b) . (u — y)J 

1 1 — k*sin*am(u — a) sin^m (v — b) 

t * 1 — k a sin* ani (u -f» a)a»n*ani (v-f-b) 

Commutatis inter se u et v, obtinemus: 

5) n(u + v, a + b) — XT(u — T, a— b) — Srt(T, a) — tn(o, b) s 

— k' sin ama . sinam b f sin am (a b) . (u-|-v) -f- sin am (a — b) . (u — v)J 

1 1 — k*iin T am(v — a) * *in , am (u — b) 

2 * 1 — k*ain , ani(v-f-») . sin* am (u -$• b) 


Additis 4) et 6) obtinemus: 

6) n(u + v, a + b) — n(u, a) — n(u, b) — II(V| a) — IT(v, b) = 

-—k 9 sin ama sin am b sinam (a + b) . (u + v) 

1 j 1 — k’ sin 9 am (u — a) sin*am(v — b) 1 — k’ sin*am(v — a) «in* am (u — b) j 

"T" t i — lt , »iii ! atn(a>fa) sin*atn(v + b) 1 — k* sin* am (v +») •in* am (u + b) f 
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Posito v = 0, e 4), 5) prodit: 

% 

7) n(u. a+b) + n(u, *-b) — tn(u, a) = 


— k* sin im a si n un b { sin ani (a + h) — sio ain (a — b) j u -f — • 

8) n(»«, a-f-b) — IT(u, a — b) — in(u, b) = 

— k*sin aitia sin ani b {sinam (a-f- b) *+■ sinam (a — b)ju -f* — log. 

Posito b = 0, e 4), 5) prodit: 

9) n(u+», .) + n(a-v, ») - *n(u. .) = -i-io g . 

10) n(u-f- 1 , a) — II (u — i, i) - !!!(», >) = — log . 


t — k’ain* 

im b 

«in’ 

am (u — a) 

t — k’ rin’ 

amb 

«in 1 

am (u^**) 

l-k*.in’ 

im a 

ain* 

am (a — b) 

1— k’ain’ 

am a 

sin 1 


1 — k’ain* 

am v 

ain 1 

1 am (u — a) 

1 — k’ain’ 

IM V 

ain 1 

am(u«fi) 

1 — kWi 

am n , 

. sin 

'am 't — a) 


1 — k 1 sin* ani u . sin’am (v -f- a) 


REDUCTIONES EXPRESSIONUM Z(iu), © (iu) AD ARGUMENTUM 
REALE. REDUCTIO GENERALIS TERTIAE SPECIEI INTEGRALIUM 
ELLIPTICORUM, IN QUIBUS ARGUMENTA ET AMPLITUDINIS 
F.T TARAMETRI IMAGINARIA SUNT. 


56 . 


Revertimur ad Annlysiu functionum Z, <•) , quarum insignem usum in theoria no 
stra antecellentibus comprobavimus. Quaeramus de reductione expressionum Z (i u), «(i u) 
ad argumentum reale. Idem primum signis Cl° Legendre usitatis exequemur , deinde ad 
notationes nostras accommodabimus. 


Novimus in elementis §. 19. pag. 84, simul locum habere aequationes: 

d tf i d \f> 


Hinc fit: 


,in V =il.ng*. — = F(»J - if(». 

id e*(i *4-kkl g f d») i d ti> . A (i/. , k') 


d t ■ A (<f) 


A (in k") 


coa* i p 


unde integratione facta : 


f *<■*)■ = i | VA(*,k')4-/' 

o o 

X 
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I) E( ¥ ) = illg^t». + F<y-, O - E(». k'j|. 
Multiplicando per — ^ 7 ~ py et integrando eruimus : 


*>f K, fer * '° kco ’‘ i ' - 4-{ r( ** fc,, J +f 

n n 


Et», k') 
A<». k') 


Kx aequatione l) sequitur: 

F £ (t)— ^J_W _ = V) _ Jf , E(», k') + (E‘_F')F(#,, k'>j. 

lam adnoletur theorema egregium Cl' Legendre (pag. 61 ): 

F'E'(k') + F^E* _ F l F'(k') = -I-, 

unde: 

f*e(». k’> + ie. l —r’)r^, k’) = -i— (f^e^. o - e^f^, k')} + 

F 1 (k ) 1 ' 2F , (k') 

ideoque: 

S) Fl E^)-E*F(y) = k<) _ F^k-jEtC., k’) — E' (k') F(i», k') _ *F(^. k') 

*F‘ ’ F 1 (k*) 2 F * F 1 (k) 


K notatione nostra erat : 

V = » m (*u) » *> =s am (u , k') , F (tf) = i u , F {»/», k') = u j 


porro: 

F‘ Ef v ) — E 1 FC«.) ls F'tk-)E(«.. k-)_E>(k'JF(e.. k') .. 

— o u , k} i — = L (u , k ) , 

F* F 1 (k) 

unde aequatio s) ita repraesentatur: 

4) iZC>B. k) = —tgamfu, k') A»m(u, k') •+• a + Z(u, k') . 

Hinc prodit integrando: 

■ «■ 

J ><tuZ(iu, k) =s l«gco»am(u, fc') -f ^ Zfu, k^du. 
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u 

sive cum sit J " d u Z (u) = log 


e(u) 

0 ( 0 ) 


0(iu, k) 
0(0. k) 


♦ KK' 


0 (0. k') 


Formulae 4), 5) functiones Z (i u) , ©(iu) ad argumentum reale rev 


orant. 


57 . 


Mutetur in 6) u in u + 2K', prodit: 

it(»+»KV 

0(W+*iK') 

0 ( 0 ) 


* K K' ® (a , k') 

= — e coi im(u, k J - — ‘ — 


0(0. k') 


sive posito u loco iu: 


ir (X' — i u) 


1) 0(u-fiiK') = _t 


0(o). 


r (K'-f- u) 

K 0(iu) 
00 * 


Ponatur in 5) u -+- K' loco u : cum sit 

k sio am (o • k') 


cos am (u -f- K', k') = 


Aam(u, k’) 


0(u+K', k') = » Q (u , k '), v. §. 63. 9) 

V k 


proclit : 


®(ia-HK‘) 

0 ( 0 ) 


*(°+lQ’ 

= 4KK ’ A».«(.,f) 8(n - ^ 


<r(*u + K') 

TT 


0(0. k') 


/T, g .m(„.k')-|M. 
B ' ®[0) 


iindc posito rursus u loco i u : 

w (K* — 2 i u) 


9) 0 (u «f* • K*) — * e ^ f k sin am (u) 0 (u) 


*) FI» enim 0(u + 2K, k) = 0», ideoque etiam 0(u-f-2K\ k') = 0(u. k'). 

X 2 
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Sutnli* logarithmis et ditferentiaudo, ex l), 2) prodit: 


S) Z(u+*iK') = — + Z(u) 


♦) Z(u + iK‘) = ^ + colgjm (u) a jm (u) ■+■ 'I. (u) . 


Polito u — 0 , ex l) - 4) fit: 


5) 


irK' 

10 JiK') = — e K 0(0), 0(iK') = O 


/Z (IiK*) = 0 


j Z(iK') = oo . 


Formulae l), 2) egregiam inveniunt confirmationem e natura producti infiniti, in quod 
functionem 6 evolvimus: 


6) 


/ *K* \ 

'(~) (1 — 


2q coiJx + q*) (1 — Jq^60iJ» + q') (1 — 2q*co«2i-f-q*®) . . . 


0 ( 0 ) ((i-^(t-s‘)(t-q‘) ...f 

f (I — q e* * x )(t — q*e* **) (l — q*e* **) ■ ■ ) | (1 — qe~ » j ») (t — q^» 8 *) (t — q>«~» i») . ,| 


|(l-q)(l_q*)<l-q>) ...» 

J 

l ! bi enim mutatur x in x -+- 'T, K , uno facto abit c lx in qe'*, abit productum 

|(1 — qe* 1 *)»— q-e* 8 *)»— q’.*'*) . . . ) {»— q e~ • >*) (1 — q'e~ »'*) (1 — q». - * 1 *) .. .) 
in hoc: 


!— -j» — qe*>*)»_ q’.* 8 *)» — q*e* ix ) . ..!(» — qe- ***)(! — q'e-* , *)(l — q>e-*’*) . . 

q O® 1 * 


unde : 


i) «(-SSi + tii-). 


•&r) 


qe® 


Mutato vero x in x H — » abit e < ,n v qe’ x > unc l e productum 

1(1 — qe***)» — q'e* 8 *)(l — q*e* 8 *) . . .)((! — qe-* 1 *)(l — q , e-* i *) (1 — q*e-*'*) .. .t 

in hoc: 

(i—e-* 1 *) f(l — q’e*'*)(l — q*e*'*) . , . ) ( (1 — q* e~ » >*) (1— q* e" • ■*) . . .j = 

,!iiai (1 — 2q*cos 2 i-f-q 4 ) (1—2 q*co» t x (1 — q* co* 2 1 4“ q**) .... 
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At dedimus 5. S6 formulam: 

\ 

.in IUI tK * — 1 i V — 


/T (t — *S«"*>+1 , )(t— iqico.Ji + q”) . . . ' 

I • •. 

uude videmus , fore : 


8; 0(iJl + iKj = 


. rr • **• IKi 1 


V qe' x ' 1 • • •> 

Formulae 7), 8) autem posito - ** 1 = u cum formulis l), 2) conveniunt. 
E formula 9) §. 5S : 


& im u 

«(u + K) = __.0(u). 


/V 


posito iu loco u, sequitur: 


+ 8(1»), 


l/f" coi >*n (u, k") 


unde e 5) §■ 56 : 

0 fiu + K) 


iru u 

1 4KK' 


0(0) /V 

sive e formula allegata 9) $. 58 : 


. , 0<u. 10' . ’ 

^am u, k ) . — , 

0 (0, k‘) 




• i . 


9) 


ar» u+K) 


-/?■ 


iruu 

«K’ 0<u+X', V) 


0(0) V k' ' 0(0. k‘) 

Hinc sumendo logarithmos et diiferentiando oblinemus : . 
10) t*0»+K) = -5^ + *(«+K'.k’). 


i . .i 


4*1 


vU» 

.<».'• i 

Formularum §§. 56. 57 iuveularum facilis fit applicatio ad Aualysiu functionum 
n casibus, quibus Argumenta sive Amplitudinis sive Parametri sive utriusque imagi- 
naria sunt. ! 

Demonstremus pritqum, expressionem n(u, a-t-iK') revocari posse ad n(u, a), 
unde patet, posito n = — k 1 sin 1 ama, integralia 
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(1 it 

/ • Ay r H 

|l + n lifi* <r}* (v) J {« + — -«in* yj 


A(v) 


alterum ab altero pendere ; quod est insigne theorema a CJ. Legendre prolatum Cap. XV. 


Invenimus : 


n ( u. *+iK'j = uz(. +i K-) + -fi»» 


Fit autem e 2), 4) §. S7 : 


» ;» — ii + i k') 
0 («H-u-l-iK') 


K sinam (a — u) 0 (a — u) 


sin ani (a u) ©(a-f-u) 


uZ(s+iK) = — ST — “h u co, g ama A ama uZ (a) , 


unde, terminis 


SK 

isrn 


SK 


SK 


se destruentibus : 


l) ritu, »+iK') = n(u, a) + uenlgama Aama 4 - log . *"* *! !l i* — 

2 sin ani (a-+-u) 


Ponamus in hac formula ia loco a, fit: 

- . II L 

. — iAam(a,k*) 

cotg am ;ia)Aam (ia) = — : ; p- ; — p— 

9 sin am (a . k } coi am (a . k } 

sinam (ia — u) _ Aamu- colg am (ia) fli mjiaj Igamu 
sin am (i a 4- u) A am 114-cotg am (ia) Asm (ia) tg am u 


sive posito brevitatis gratia : 


Aam (a, k 1 ) 


= i/'* . 


sinam (a, k') cosam (a, k'} 

fit: 

sinam (ia — u) _ <lsmu + i/«i|-am» 
sin am(ia 4- u) _ A am u — i fx Ig amn 

unde l) abit in 

IT (u , i a 4- ‘ K*) — Tt (u , ia) 


• 1 


*) 


= — *'■*. u 4- Arc. ig . 


/* k l^am u 
A «mu 


quae cum formula F) a CI. Legendre exhibita convenit. 
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59 . 

•' \ . , 

Alias formulas, pro reduclioue Argumenti imaginarii ail reale fundamentales, ob- 
tinemus e 9), 10) §. 57. Quarum primum observo hanc, qua Argumenta et Amplitudinis 
et Parametri imaginaria ad Argumenta reulia revocantur : 
i) nf.u, i.+K) = n(u, s+K. k*), 
quae hunc in modum demonstratur. Fit enim : 

no», u+k) = iuzo.+k) + - ii», ;;;;?; jg -» 

porro e 10) §. 57: 
iuZ(i.+K) = 


£KK 


uZ{i + K', k') . 

rr(a — ») T 


4 .1 - 


e 9) §• 67: 

8p« — iu + K) f 7 4KK' »(• — u + K', k) 

eloTky “ V v * 

eP* 


8(0. k') 


p. + ju + K) _ A 

0(0, k) V k' * 


*(»+«)’ 


4KK' 0 (a + u + K’, k') 

0(0, Tj 




unde : 


0p« — iu + K) KX' »(. — u + K', k') 

= e 


0(ia+iu+K) ’ 0(a + u-fK\ k') ’ - 

. » 

ideoque, terminis se destruentibus, 

npu. i» + K) = uZ(a + K', k') + 4~ log + l + k~) = n(u ‘ a + K ' • 

quod demonstrandum erat. 

Mutato in l) a in — ia, prodit: 
i) np». *+K) = — n(u, la+K*. k'). 

Formula l) facile etiam probatur consideratione ipsius iutegralis , per quod 
functionem TT definivimus: 


no., .} = J' 


k 1 ainam a . coi ama . A ama . iin*amu . tlu 
1 — »in‘ am a . sin 3 atn u 
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unde: 


n(iu, ia+K) —J' 
o 


| k’ sin am (i a + K ) ■ eoum (ia + K) ■ Aam(ia+Kj . »in'am(iu) ■ J » i 
I — k* si n’ am (i a -f- K) . sin* im (i u) 


Fil enim e formalis §‘19: 

Aeoam(«, k') _ &ara(a + K.', k') 
sin >m (» ■ + K) = »in eoam (i a) — ^ ^ 

__ j jk* t 

co«am(ia+K) = — cos eoam (ia) = — — co. eoam (■ . k*) = — coaa.n(a + K, V; 

A am fia + K) = Aeoamfia) = k' sin eoam (a , k') = k'sinam(a + K', k'). 

unde: 

ikk sinam (ia + K) cos am fla + K) Aamfia + K) = 

— k'k'sraam(a+K'. k') cosani (a + K', k') A am (a + K\ k'). 

Porro fit: 

«in* am (i u) _lg’am<u, k') _ 


1 _ k’ sin* am (i a + K) sin* am (i u) 1+A*.m(a + K', k') lg* am (u , k') 

— sin* am (u, k') — ain*am(u, V) 


cos’ am (u ”k') + A* am (a + K', k') sin’am(u, k') 1 — k'k'sin’am (a + K\ k') sin’«in(u, k') ’ 

n (i u , ia + K) = 


W sin am (a + K', k') ■ tosam (a + K', k’) . A «n. (a-f K', k') ■ sin* am (u , k') ■ <1 u 
1 — k'k’sin*am (a + K', k") sin* am (u, k') 


unde: 

/ 

o 

sive : 

n(iu, ia+K) = n (u. a + K', k'; , 
quod demonstrandum erat. 

E formulis 9), io) §. 57 simili modo atque l) comprobare possumus formulam se- 
quentem, quae docet, functiones binas Argumenti imaginarii Parametri, quarum Moduli 
alter alterius Complementum, ad se invicem revocari posse: 

S) i n fu , ia + K) + i tl (a, i u + K\ k') = 


2 KK 


L + u Z(a + K', k') + aZ(u + K. k). 


Fit enim: 


i , ®(ia + K — n) 
;n(u, ia + K) = iuZ(i« + K) + •— log. 0(U+K .f^- 

... • . ®(iu+K'-a, k') 

in(a, iu+k\k') = i « Z (i u+k , k ) + -log- e(iu + K - +>i k -y 
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]am fit : 




= / 1 

ir(*4-in)* 


©(ii + K — u) 
0(0) 

9!i(.4-i“) + K| 
9(0) 

♦ KK' 

0(*4-iu4-K', k') 
0(0, k 1 ) 



-J T ' 

w(a — iu)’ 


0r.*4-K4- B > 

0,‘i(._iu)4-K! 

4Kk' 

0(,_iu4-K', k') 

9(0) 

0(0) 

V f' 


® (0. k', 


unde eam sit f)(u- 4 -K) = 0 (K — u) : 

i it* a 

e(i. + K-u) _ KK' 90*4- K'+*. kQ 
9 (i » 4* K 4 - u) 9 fiu4-K‘— *, k; * 

ideoqae: 

_L,„ ep* + K— u) , i , 9(5u4-K’-. I k' ; tt.u 

t 0(ii + K + o) t ° 8- 9riu4-K'4-.. O “ TiuT' 

1‘orro fit: 


iaZ(i*4-K) = Y~r + nZ(* + K'. k*) 

iu Z(i uq-K', k") = 4- *Z(-4-K, k). 

unde : . 

• n(«, i* 4 -K) 4 - in(», iu-f K', k’; = 4 - uZ(*4-K’, k’) 4 - *Z(u4-K, k); 

q. d. e. v /i 




Patet e formulis: 

l • 

sin am (K -f- i u) = A eoam (u , k') 

sinam (u+iK') = JL . — — ! , 

k sin am u 

Argumentum u, quod, dum sin am u a 0 usque ad 1 crescit, a 0 ad K transit, uli 
sin am u a 1 usque ad — crescere pergat , imaginarium induere valorem formae 
K + * T , ** a n t simul v a 0 usque ad K" crescat; deinde crescente sin am u a — 

T 
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usque ad oo , iuduere u formam v + iK', ita ut simul v a K usque ad 0 decre- 
scat *). 


Hiuc videmus, siquidem in tertia specie Inlegralium Ellipticorum , quae sche- 
mate contenta est: 


/ 


(t-t-n*in’v) A( V ) ' 


ponatur, uti fecimus, u = — k’ siiTarn a, (juoties sit n negativum 

inter 0 et — kk, poni debere n = — k 1 sin’ ama 

kk et — 1 , - - n = — k J sin’am (ia-f-K) 

let — OO, - - u — — k 1 sin' am (a -f- i K.') , 

designante a quantitatem realem. Torro cum sit — k k sin’ am (i a) = k k tg’ am (a , k'), 
patet, quoties sit n positivum quodlibet, poni debere: 


n = — k k sin 2 am (ia) . 

» . . • i 

Hinc quatuor classes Inlegralium Ellipticorum tertiae speciei nacti sumus, quae respoudent 
schematis, quae Argumenta induunt ■ . — 

1) a, S) ia + K, S) a + iK’, ■») ia, 

(|uarum tres primae pertinent ad n negativum, quarta ad positivum. 


At per formulam l) §. 58 videmus, functionem n(u, a -t- i K') reduci ad n(u, a), 
sive classem tertiani, in qua n est inter — 1 et — OO , reduci ad primam, in qua n est 
inter 0 et — kk. Torro e formula ll) §. 53 **), functionem n(u, ia) semper reduci 


*) Obtinebitur simul: 
sin am u = 0 , 

u = 0, 


■. 1 . 


Ah* • A 

K 


1 * r — n 

— » V 1+k , OQ 

k t ^ 


2 » K* K+~, K+iK', ~ + 1K', iK\ 


**) Haec formula scilicet, posito ia loco a in sequentem abit: 
ri(u, ia+K) - 11(1., ia) _* 

- = — * + Arc tg (ot sin am u . sin eoam uj, 

• / ‘ i ’ . * " " * r 

k k tg am (a, k*) 

siquidem ponitur x = j — — . Quae facile per formula» elemeptares §' 19 succedit transfur- 

ara fa , k ) 

oiatio. 
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ad n(u, ia-t-K), sire classem quartani, in qua n est positivum ad secundam, in qua 
n est negativum inter — kk et — 1. Unde inm naeti sumus theorema, propositum 
integrale 

V 

r iy 

J tt + n«n’9| ^Cv) 

0 

quaecunque sit n quantitas realis positiva seu negativa, semper reduci posse ad integrale si- 
mile, in quo n negativum est inter 0 et — 1 . Quod est egregium inventum Cl' Legendre. 

lam vero consideremus casum generalem, quo et Amplitudo et Parameter formam 
habent imaginariam quamlibet: constat, eum casum amplecti expressionem 
n{u+i». » + ib) , 

designantibus u, v, a, b quantitates reales. At e formulis §' 55 videmus, cius modi ex- 
pressionem reduci ad quatuor hascc: 

t) n(u, »), f) n(i». ib), sj n(«, ib), *) n(i», »). 

vel, si placet, ad quatuor hasce: 

1) n(o. »— K). t) n(iv, ib+K) 

9) n(o,ib+K), 4) nfiv, a— K). 

Generaliter enim expressio IT (u -t- v , a -4- b) in expressiones n(u, a), n(v, b), n(u, b), 
n(v, a) redit, e quibus quatuor propositae prodeunt, siquidem loco v ponis i v, loco a, b 
vero a — K et K+-ib. Porro e formulis l), 2) § l 69 fit: 
nfiv, ib+K) = n(v, b+K', k*) 
n(iv, *— K) = — n(v, u+k'. k'), 

unde expressiones l), 2) classem primam redeunt n(u, a), expressiones 8), 4) in clas- 
sem secundam n(u, ia+-K); id quod nobis suppeditat 

T H E O R E M A. 


Integrale propositum formae 



d <f 

(l + n sin 7 tf) Aty) * 


0 

quodcunque sit n et (p, sive reale sive imaginarium, revocari potest ad in- 
tegralia similia, in quibus et (p reale et n reale negativum inter 0 et — 1. 


Y 2 
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E hoc theorema debetur (Jl° Legendre, nisi quod ille reale* tantum Amplitudines 
contemplatns sit. 

Formulis 4), 5) §. 56 reducitur n(u-+-v, a-t-b) -t- n(u — v, a — b) ad n(u, a) 
et n(v, 1>), n(u-t-v, a-t-b) — n (u — v, a — b) ad n(u, b) et H(v, a). Hiuc pa- 
tet, posito 

Il(u -f* i t a+-ib) -f- n(u — iv, a — ib) = L 
n(u-f-i r, a i b) — II (u — iv t a — ib) ^ 

pendere L a functionibus n (u, a — K), n(iv, ib-f-K), M a functionibus n(u, ib-+-K), 
fl(iv, a — K), ideoque redire L in classem primam, M iu classem secundam. 

Haec sunt fundamenta theoriae tertiae speciei Integralium Ellipticorum, e princi- 
piis novis deducta. Alia infra videbuntur. 


FUNCTIONES ELLIPTICAE SUNT FUNCTIONES FRACTAE. 

DE FUNCTIONIBUS H, (9, QUAE NUMERATORIS ET DENOMINATORIS 

LOCUM TENENT. 


61. 


Evolutiones §. 55 exhibitae genuinam functionum Ellipticarum naturam declarant, 
videlicet esse eas functiones fractas, ut quas iam ex clementis novimus, pro innumeris Ar- 
gumenti valoribus inter se diversis et evanescere et in infinitum abire. Iam antecedentibus 
ad functionem delati sumus, quae fractionis, iu quam evolvimus ipsum sin ani — — ■ = 

1 2y’ q jim(l — iq’co»Sj-t-q')(t— i q*eo*i »-pq*) (1 — 2q*C0»Ji + q”) . . . 

/T cosSz-f-q 3 )(l — 2q l co* 2 * -f-q*) (1— 2q‘c©s2* + q , °) . . • 

denominatorem constituit, functionem dico 


ef— ) , 

\ k f — Zq 1 co*2* + q*)(l — 2q* cos 2 x • . . 

9(0) Kl-qXt-q^l— q*)(l_,’) ;77f 

Iam et numeratorem particulari charactere denotemus, atque ponamus: 



9(0) 


2 |/~q"ain»(l— 2q’cos2 *-4-«J*)(t — f q , eo*Jiq-q , )(l — 2 q* co* 2 i -f- q' 5 ) . . . 

t(l — <t) (1 — ■!*) (t — q*) (t — q’) . . .(* 
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erit : 


2K« 


/T 


H| 

(™) 

ef 

2K* t 

1 

k * / 


Reliquis ad voca lis evolutionibus §. 35 traditis, invenimus: 


2K 


» / ■ 

T 






a 8K * /Vr 

A aut y k 




unde posito — K * - = u: 




,, . > H(u) /k' ll(u+X) A /-TT 

1) amam u = — — — ■ . — - — — ; cos Ullsl/ . : asm u =s y k . 

/T «M V i 0(u> 

Hinc fluunt formulae speciales: 

*) 0(K) = U(K) = y/ i©(0). 


a n (u) 

d u 


Posito H'(u) = - ' ' , cuin sit: 


H» = / k cos am u A aiu u 0 (u) -f- y 1 k sin ani u (•)' (u) , 

pro valoribus u = 0, u = K oblinemus : 

S) ir (o) = Ae(0) = — i U'(K) = e'<K) = o *). 

E 2) sequitur adhuc: 

4) /T= “® s /F=-®a. 

' y ®{K) v 0(K) 

Ceterum fit: 

5) ®(u+SK) = ®(— u) = ®(u) 

6) U(u + *K) = H(— ») = — H(u)| H(u + 4K) = II(u). 


♦) Fit enim Z(K) = 0, unde eliam ®'(K) ®(K) Z(K) =r 0. 


0(u + K) 

0W ■ 
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E formula 2) §. 57 

0 (u -4— i K. J ) = i e 


g(K — «ia) 

4 ^ sia im u , C* y ) 


sequitur: 


it(K* — lio) 

♦ K 


7) 0{a+iK'} = !« "" H(u). 

Mutato in hac formula u in u-|-iK', et advocata l) §. 57: 

w(K'-iii) 


8) 0(o-)-tiK') = — e 


0(u), 


prodit: 


ir(K' — i i a) 

4K 


9) H(u+iK') = ie 0(«). 

unde rursus mutato u in u -4- i K , e 7) : 

*(K'— iu) 


10) H(u + *iK'j = — e 


II (u). 


E formulis 7) -10) derivari possunt generaliores: 



7f u a 




ir (u 2 m i K )* 



11) 

IkiT 

e 

0{u) 

= (_ 

I)'"* 

4KK ' 0(a + *n. 

iK'} 



7TUU 




ir(i«f2miK')' 



IS) 

4KK 7 

r 

H(u) 

= <- 

- l^C 

4KK ' ll(uf Sm 

iK) 



rr uu 




tf (u + (2 m -fr* 1) • K') 5 



IS) 

4KR' 

c 

U(a) 

— (- 

,|)im 

4 KK' 

+ , e 

0(u+(2 

m + l)iK') 


7TUU 







14) 

4KK' 

e 

0(u) 

= (. 

- i) 3 m 

4 K K' 

+ •« 

H(u + {* 

m-f" 1) i K') 


E 12), 15) fit: 

15) ©((Sm-t-l)iK) = 0; lt (SmiX') = 0. 

Formulae 5), 6) demonstrant, functiones ©(u), H(u) mutato u in u 4 K, 
formulae 1 1) , 12), functiones 

ITUU 77 u u 

TkT ^ , 4KK' _ 

c 0 (u) • e H (u) 
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mutato u in u-f-4iK' immutatas innuere; unde illae cum functionibus Ellipticis alteram Pe- 
riodum realem , hae alteram Periodum imaginariam communem habent. 

K formula 6) §. 66 : 


• • 

<-) (i u , k) 
«(0. k) 


4KK' , 8 (u , k') 

= e c 0 ,, | n(u.k)- — — . 


sequitur: 


unde e l): 


= /T.in„„(i„, k, . efiU ' 


4 KK’ /•— 


®£0, k) 


0(0, k) 


rr ■ , . .. « (« . V) 

✓ k lui im £(i, k). r . no — f 


ISI ® (iu - k > -A ’«*' H(u + K-, k-) 

J 8(0, k) V k' * ‘ 8(0, k’) 

rruu 

H (i u, k) _ fv Tir H(u, k-) 

V 8(0. k) \ V * 8(0, k') • 

E 16) sequitur, mutato u ia iu, et commutatis k et k': 

«UU 

H(i» + I,k) _/k «F 8(u,k') 

^ 8(0, k) ~ \ V • 8(0. k'} * 

cui adiungatur 9) §. 57: 

iruu 

8(iu + K, k) __/T 4 K X 8(« + K'. V) 

J 8(0. k) V k' 


8(0. k') 


O’ u 0 1 V 

0(u + ») 0(n — ▼) = (1 — k T iin 1 am u . »io ! am v), 


E formula supra inventa : 
sequitur: 


fO) 0 (u -f- v) 0 (u — v) = 

Qua (lucta formula in 

k sin am (u -f* v) sin ani (u — t) = 


0*0 

0 *U 0 'v — H'u 1 I*T 


0’O 

k sin 1 am u — k sin* am v 
1 — k* sin' ani u sin*amv 
H'u 0 ’t — 0'u H' v 


prodit : 


11) U(u + t) H (u — v) = 


8 ’u 8 ’» — H’ u U*t ' 
H’u 8’v — 8 >u H’» 


®’(0) 


Digitized by Google 



176 


DF. EVOLUTIONE FUNCTIONUM H, & IN SERIES. EVOLUTIO 
TERTIA FUNCTIONUM ELLIPTICARUM. 

62 . * * 


Evolvamus functiones 



0 ( 0 ) 


H*r) 

»( 0 ) 


(1— 2qcoi2l4-q')(l — 2q'«>si« + q*)(l — *q*cn»2« + q"'; . . . 

|<l-q)(l-q*)(l-q*) -..f 


2y"T»in*(l — 2q’co»2« + q»)(l — *q‘co>* » + q*)(l — fq" C»« 2 1 H-q^ . . . 

' t<t-D(l-<UK»-V) • ••)’ 


m senes 
e 


(fH 

0 ( 0 ) 

2K 


— A — 2 A' co* 2 * -f* ZA"coi4i — t A*coi6» co*8« — . 


/ *K« \ 

H| ) . 

” ' — 2 / q — B” unSi 4- V «n 5 t — B"’ iin7i + . . •)■ 

0 ( 0 ) 

Determinationem ipsarum A, A', A", A , B', B , B , B , 


tKi 


aequationum 7)- 10) §‘ antecedentis, quae posito n = — — , q 
tes abeunt: 


ai 

' *Kx \ 

| „ *a » X i 

(«L + 2iK 


* J 

| — — qc 

V * 

“I 

r 2K.) 

1 * ) 

| = _qe»!*H| 



f IK» t 

| = V r T« , ‘ H | 

'it + ir) 

.0| 

[ - J 

l * / 

iH| 

>11 



r“l + ir) 

1 „ J 

i ir / 


Ouam in finem evolutiones propositas ita 


exhibemus: 



0 ( 0 ) 


A' e «i* + A'« * ix — A"«"i* + A"”.''* — . . . 
AV-* 1 » + A"e~six _ A '« r -.ix + A~«r*'» 


, nanciscimur ope 
-«t 

K 

e m sequen- 


Digitized by Google 


177 


“(^) v 


»( 0 ) 


/T |BV* — Peli» -p B~ e »l* _ jr”.»»* _p . . 

— V~TlB'«r i * — BV-«* -p _ B“e-’i*+ . . 

Mutato x in x-ilogq, aLit e m “ in .->«4, JZ^l. porro H< ,K M 

. /JK» A / 9 Ki \ ** ' n * ' w / 

10 ® 2 1 ^ H (~ 2 * KJ • Hinc nanciscimur ; 

e(2 ^*. e ^ +,iK ) . 


0 ( 0 ) 
alx . 


0 ( 0 ; 


— — Aq e* * x A'q , c* ix — A*q 4 «•* * A^q’ e #ix — . , . 

i' i" »"» ./«» 

— ~e“* lx *+• *”« ,x — c -aix j e - • i x 

q' q* q 1 ^ <1* 


0 ( 0 ) 


= — qe*i*. 




9 ( 0 ) 


*/'<f ^B’ e lx — B'q' e’ i* -p B" q»**l* B"' q 4 * 4 '* 

— V^Y{— .e -1 *— — ~e“ ,,x + — «~» ix — + . 

If l 4 q» q> T 

Quibus cum expressionibus propositis comparatis, eruimus: 

A' = Aq , A" = A'q 4 , A" = A"q*. A™ = A"q>. 

B' = B'q’, B~=B"q\ B”=B'V, B” = B~q\ . 

ideoque 

A' = Aq , A" = Aq 4 , K" — Aq*, A"” = Aq”, . . 

B" = lTq 1 , B"' = B'q% B'"' = B'"" = B'q*°, . . 

unde evolutiones quaesitae linat : 

A 1 1 — 2 q coi 2 x p 2q 4 co>4i — 2q*cos6i p 2q”cos8i — . . .) 


q 0 — J*V q B’ (lini — q’ lio Si q- q’-» sia Si — q' ,4 «in7i -p q«- 4 iin9i ,,j 

= B 1 !* 'f q >ini — * t/”q* lio Si -p iV^q^iioSi — *y"q*"iin7i -p . .). 
Evolutiones inventas alterant ex altera derivare licuisset ope formulae: 

i ,i(i^-) = /V* ix ®(-^-+iKj. 

Z 
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. i • 

Inventa enim vane: 


e;o) 


= A!I_q(e> i * + e- ,i ’ 1 ) + q* («*'* + ix ) + q'(** ix + «-•**) + . 


mutaudo x ia x — i logi/ q, quo facta e" 1 IX , e k abeunt iu q e“ nl , — jp — , (-) ( ^ j 

in © i K'j , et multiplicando per e ix , obtinemus: 

,u(U±) 0 (i5l + iR ) 

* * L = v^-«ix__L_3 L = 

(-) (0) v 1 0(0) 

AjVT («'*-€->*) - + ’/q”(e* ix H 1. 


sive : 


0 ( 0 ) 


= a,*/T xin x — tY“ q* siuSx q- 2 >^q***iaS x — 2 i/'q**xi«7x q- * . 


Qua insuper Analysi eruimus: 

B" = A. 


63 . 


Determinatio ipsius A artificia particularia poscit. Pouatnus, quod ex antece- 
dentibus licet: 

(1 — SqcosSx q- q*) (1 — 2q'cox2x -)- q*)(l — 2q’ c»«2x q- q ,<l ) . . . = 

P (q) { 1 — 2 q cnx 2 x -p 2q*cox4x — 2q*COs6x q- 2q“cox8x q- . . . J 

xinx(l — 2q*cox2x q- q*)(l — 2q«eox2x q- q‘)(l — 2q*cox2x q- q") . . . = 
l*(q) I xin x — q' **xin3x -p q* * s xin5x — q*.*xin7x q- q* * ' xin9x — . , . J ; 

iit : 

. P(q) 

t(l-q)(l-q<)(l-q>) . ..i 1 

Expressio secunda immutata mauet, ubi ducitur iu primam, et post factum productum po- 
nitur q J loco q. Hinc obtinemus aequationem ideuticam: 

P (q 1 ) P(q*) jxinx — q’ xin 3 x q- q 1 ’ xio 5 x — q H xin 7 x q- . . . j x 
{ 1 — 2q*cos2x q- 2q*cos4x — 2q” co*6x q- . . - | c= 

P (q) ( xin x — q* xin 3 x q- q* xin 5 x — q'* xin 7x q- . . . ( . 
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Ipsam iam instituamus multiplicationem, ita ut ubique loco 2 sin . m x cos . n x scri- 
batur sin (m-t-n) x -4- sin (m — n) x : facile patet, Coefficientem ipsius sin x in pro- 

ducto evoluto fore: 

1 + q* + q* + q" + q* + ■ • • . 


ita ut prodeat: 

P(q) 

P(q)i’tq'J 


1 + q’ + q‘ + q” + q M + • • • 


At invenimus c secunda formularum propositarum, posito x = 
Ki+qOCi+q^a-t-q*) -..r= P(q)ft+q’ + q* + q *> + <,^ + . . .i, 
unde : 


P(q)P(q) 

PWPIO 


!(t+q’) (t+q 4 )(t+q‘) 


1 1 



sive : 

• (i+q>)(l+,«)(I + 

_ (1— q«)(l— q"Hl— q-»)... 

(1— q*)(t— q*)(i— q") • • •’ 

Hinc e methodo iam saejiius adhibita *) se<|nitnr: 

P (q) = 1 . 

(l-q*)(l-,«) — 

Hinc tandem provenit: 

A = (t “ q*)(l — q*) (t — q*) ... ' t(l-q){l-q’ja-q') • . .}■ 

= (l-q)(l-q*){t-q')(t-q") ’ 

sive ex iis, quas §. 36 dedimus, evolutionibus: 
t /*VK 

v — • 


Ouantitatem illam, quam hactenus indeterminalam reliquimus, 6 ( 0 ) pona- 
mus iam : 

t /*i’K ' 

0 ( o) = T =y 


*) Videlieet ponendo successive q*, q*, q", q 1 * . . loco * el instituendo multiplicationem infinitam. 

Z 2 
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invenitur : 

1) (-1 I 1 j ss i — £ «i COS 2« ■+■ 2q 4 COs4* — £q*co*6* -f- 2 q 14 cos 8* — . . . 

1) 11 - * 1 = 2 sin i — 2 V q* sinSx -f- 2 y 1 q*»sin5« — 2 V^q^**in7« -+• • • • 


64 . 

< • » ov 

Aequationem Mentitam, quam antecedentibus comprobatum ivimus: 

(t — 2 q cos 2 x «+- q*)(l — 2q»cos2* •+■ q*) (t — 2q*cos2x -f* q ,p ) . . . . = 

1 — 2q cos tx -f- 2 q 4 cos4i — 2q°cos6i -f- 2q 14 co» 8 x — ... 

(t-q 1 ) U— q*)U— q*J(t— q*) • •• • 


alia adluic via, a praecedente omnino diversa, investigare placet. Quam in /luem 
tamquam lemmata antemittamus formulas duas sequentes: 

1) (l+<|*)(t + q’*)(l + q'.)(t+q’*) ... = 


f» 


q'"x 4 


J-q’ T (i — 4’) (i — s*) (t— q’)(i— q*j(t— q") (t-q*XI— •rtO-sTU-q*) 


*) 


t + 


(1 — q») (1— q’«)(l — q’«)(l — q*«) 

q 1 , 5* 


1— q 1 — qz 

q* 


(1 — q) (1 _qO(l— ,') ’ <l_ qI )(l-q’«)(l-q'l) 


(t— q)(l-q’) (l-q.Xl-q'.) 

•> 

+ .... 


Ad demonstrationem prioris observo, expressionem 

(l+,.)(l+q>.)(l + q*.xt+q’«) . . . 

posito q’z loco z et multiplicatione facta per ( 1-t-qz), immutatam manere ; unde posito: 
(1 + q .)(! + q> z) (t + q> .) . . . = 1 + -V . + A" «’ + A” »'+... 


eruitur: 

1 + A‘*+A'V + A” t’ + . . . = (l+q«)(t + A' q 9 z + A'q*t’+ A'"q«z> +...). 

idcoque, facta evolutione: 

A' = q -f- q* A', A” — q* A* «4“ q 4 A* w f A**’ = q*A" -f* q r ' A*”, . . ... 

sive : 


A' = 


q 

t-q' ' 



s ,A " 

l-q” ’ 
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unde: 


T 


A’ = — — ... , A” = 5 , A'“ = 

l —1 (1— q’Kl — q‘) (l — q*)(l — q*)(I — q*) * 

sicut» propositum est. 

Ad demoustratiouem formulae 2) observo, expressionem 

l 

(1 — qs)(l — q’l)(t — q>l)(t — q»,) * 

posito (jz loco z et multiplicatione facta per - ^ , immutatam manere; unde posito: 

l 

(1 — q*)(l — q’l)(l — q>«)(l— q«x) .... = 

, . A '» . A "«' . ' 

1 — qi (l — q«)(t — q‘«) (» — q«)(l — q*e)(l_ q'i) + ' , ' > 


obtiuemus : 


A'* 

1 — q* 


A" * 


** * , .V" 

(t — q«)(l — q*x) (t — qx)(l — q 7 *) (1 — q* +••• = 


1 ^ A 'q* + A "q*»* A'"q'l’ 

i — qi (t_qx)(l_q*z) (1 — q») (1 — q’ s) (l — q’ s) + (1 _q,) (1 _q’i) (1 — q>s) (1 — q’ •) + 

» l + - ( 3±£j?-V. + _(q ,A ' + q’ A ").» (q»A" + q'A"),> 

1— qi U — q*)(l-q*«) T (»_q.)(t_q»»)(l_qS,) + * 1 ‘ > 4 

Hinc fluit: 

A' = q + A'q. A" =i q’A' 4- q*A", A*" = q* A" -f q» A'” 

ideoque : 


q’A' 


q‘ A " 


A' = — . A” = -~T. A" 

1 — q 1 — q’ 1 — q» 


unde: 


a- = q a" = q’ A ~ 

1 — q ’ (1— q)(l-q*) ’ C1 — «iK» — q*) 


q* . 


sicuti propositum est. 


•) Substituendo scilicet in singulis terminis resp. * - - ] 4. ^ * * = 1 i q * 

1 — q* 1 — q» 1 — q 7 * I — • q’ x 


1 — q' 1 


= 1 


q*e 


1 — q* E * 
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Iam formemus productum : 


{(l-t-q »)(t+q' «Xt+q 1 *) 





'I , . t* . ,« 4. 3 .«> + .. .} x 

l_q>' + (1 — q*) (1 — q*) ^ (1 — q*) (l — q*) d— q*) J 

q t , <i' 1 + 31 

+ (1 — q’> <1 — *’ (i — q^fl — q*)d — q*) «’ I 

Coellicieutem ipsius z" sive etiam quem ponemus B eruimus sequentem: B‘ n ’ = 


q"» 

(I-q')(l-q*) ... (I — q* ") X 

! q’ qV . q* £1 + ) 

1 + ■ l_q»»~ + (l-VJd-q 4 ) ■ (t-q*" + *){l-q'"*‘) / 

r £! + . .1 

(L — q 1 ) (1 “ q 4 ) (t — q") * (l — + — — q*“ + *) I 

At e formula 2), posito q’ loco q et z = q so , expressionem, quae uncis inclusa conspi- 
citur, invenimus — 

t 

(l_,.n + .)(l_ q »n + *)(l_q*"«»)(l-q»" + ') ... 


nrnle 


B"' 


q"" 

(i — q 1 ) (i — q') Ci — q*) (t - q’) 


ideoqoe: 

{d+q*H*+q'*H I + , i‘ , > • •) (( l + -r)(‘ + t )! 1 + T*) •• ■} = 
t -t- q(* + -7) + •'‘f*’ + T") + t’( l ’ + “r) j 

sive posito z = e !i *, et mutato q in — q: 

(1 — 2 q cos 2 \ + q*)(t — 2q’coj2j + q*)(I — 2q'cos2> ■+■ q 10 ) . . . = 
I — 2qco»2» ■+■ 2 q* cot 4 x — 2q l ‘co>6i -p . . ■ 

(l— q^Cl— q‘)(t— 1*)Cl — «!’) • • • 

Ouod demonstrandum erat. 
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Ubi pouilur — qz a loco z atque per V~ t| z multiplicatur, prodit: 

, ^ — j-j |(t — <T Oi 1 — 1*0(1 — 1*0 •• | x 

^ (• ~ t)~ ~ ir) + — ir) 

(I — 0(1— 

sive posito z = e 1 x : 

2 V^q" *inx(i — 2q : cos2x -f“ q 4 )(l — 2q 4 cos2x •+* q*)(l — 2q*cos2x -+■ q ,s ) . . . = 

sin x — «V i* sin 5 x sin 5 * — 2 qs* sin 7 x p- . . . 

' (t — 1*)(1 — I 4 ) (l — 1*)(l — 1*) . .. ’ 

quae est altera evolutio inventa. 


65 . 


Evolutiones functionum 
2K« 


1) B | j = 1 — 2 q cos2x p- 2 q 4 costi — 2q“ cos6x p 2q l * coi 8 x — ... 

2) H(i5i )-./T sinx — sV^i* sin 3x 2 J/^q 5 * sin 5x — *^r sin 7x + . . . 

sponte ad evolutionem novam functionum Ellipticarum ducunt. Etenim e formulis l) §. 61, 
poneuilo u = * K 1 , obtinemus: 

, »f~) 


SKt 


/r ' 

-V> 

■(“(■+-H) 


a * K% y^TT 

A ani = v k 
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unde : 

2K* 1 *‘/7 sin x — 2 V q* sin S * -f* 2 y /~ q 1 * sin 5 x — 2 q 4 * sin 7 s 4* • » « 

S) sin am ~ — * l — 2 q cos 2 x 2 q 4 co*4x — tq* cos6* -f“ cos8x — ... 

£K* [V 2v^T coax + g V^q* cosSx -f gVq^cosS» q<«cos7x + . . . 

4) coitm — —— y ^ ‘ ” 1 2q cos2x ^4* cos4x — 2q" cos6x + 2q‘* cos 8* — ... 

2K X l 4- gq cosgx -f- 2 q* cos4x + S q* cos 6» gq*" cos 8x -+- ... 

5) A am - » ^ • “ £ — „ gq C os2x -f- 2q 4 cos4x — 2q* cos6x -f- fq 1 * cos 8 * — ... * 

Porro c 2), 8) §. 61, cum positum sit 0 (0) = / rr 9 oblinemus. 

0(K) = I1(K) = y 0(0) = ^ «'W = y ^7^-. 

unde e l), 2): 

6) J"— = i + J, + *<p + *q" + *-r + *<i*‘ + ••• 

y^*-^L «= 1 _ Sq + 2q> - *q- + 2," - 2q« + . . . 

9) -y/" = *7T - «VT* + wVT* - “Vir + «V? *). 

unde etiam: 

-— _ iVs " + * W + 8 V q n 4- *Vn“‘ + 8 Vi" 

10) * l + *,-t-2,' + 2q- + 2.,'* + ... 

r- _ 1 -2q + 2q* - 2q- + 2q» - 2 .,»» + .. 

11) V r+iq + 2q* + *4* + *s“ + *q’* + • • 

Fit porro, cum sit Z(u) = n(n, i) = uZ(a) + j log ~ f : 

2K / 2Kx \ 4q sin2x — 8q* sin4t -4" 12 q* »in6x — 16 q'* sin8x *4* • • 

^ m * \ rr / 1 — 2q cos 2 x 4* 2 q 4 cos 4 x — 2 q* cos 6 x -f“ 2 q“* cos 8 x — . . 


7) 

8) 


•) Elenim cum sil 


dll 

l) X 


2K 8 H «v . .... 

. , differentiata x) secundum x el posito deinde x = 0 

rr tl u 


“■W 


, prodii 
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/ *Ki *KAt iK« / SK A \ 

**> •«( — ' — ' Z (— ) 

1 1 — 2 q COS 2 (x — A) -f- 2 q* COS 4 (x — Aj — 2 q’ cn* C (x — A, 4- . . 

2 ® F — 2 q cos 2 (x -f- A) -f- 2 q' cos 4 (1 -f- A) — Jq* co*®(* + A) -4- . . 

Quae est evolutio tertia functionum Ellipticarum. 


66 . 

Ex evolutionibus inventis: 

1) l(t — q*KI — q*H«— q‘) . .|{(1 — 2qCO.S« + q^o —Sq’coi2« ■+• q') (1 — *q'«01*« + q'") . . 

1 — 2 q cos 2« -4- 2q* cos 4* — 2q w cos 6 t -f" 2 q 1 * coi8t — , . 
f (l — q’)(I — q 4 )(l — q') . ,tsin*(l — 2q’ co*2x + q 4 )(l — 2q* cos 2« -f- q*) ... 

sin * — q* sin S x -f" **n 5 * — q 1 ’ sin 7 x -f- q^ sin 9 1 — , 

quarum postremam , posito v q loro q, ito quoque exhiliere licet : 

*) 1(1 — <0(1 — q*)(t — q’) . .) »in«(l — f qeo»* « -f q'*) (I — *q*co«*l ■+• q«)(l _ *q’coi*« + q 5 ) , . . 

sin x — q sin 3 x -f- q 1 * *in 5 x — q* sin 7 « -4” q 10 sin 9 * — q* 1 sin 1 1 * -f” • • • v 

sequitur, posito x = 0, x = -^-: 

q) (>— q)(i— 3 ^(i — — q*) . ■ - m _ j _ + * q . _ * q . + . 

' (t+qKi+qld+q^d+q*) ••• 

4) ' ~ ' = | + q -f q> + q' + q'« + q'> + . . . 

’ (1 — q)(t— q^fl — q*)(t — q’) • •• T q T 

5) Id-qid-q^d-qW-q’) . . -P = 1 - Sq + 5q> _ 7q‘ + 9q- - . 

/■ ■—» f— 

Ponamus in 2) x = —■ , fit ginx = y/ f, sin8x = 0, sin 5 x = — y/ — , siii 7 x 

-j- 

— -4- ^ , cct. ; porro (1 — q)(l — 2 q cos 2 x -4- q*) = 1 — q‘, umle 2) in hanc al.it 

formulam : 

d-q»)d— q-Kt-q^d-q 1 ’) ... = t - q’ - q* + q” -t- q” - i" 


sive: 


6) d-qUi-q^d-qW-l’) ••> = > - q - <f + s* + 1 ’ - i’* 

A a 
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cuius seriei terminus generalis est: 

3nn±o 
* . 

(imparatis iuler se 5), 6) obtinemus: 

7) (1 — q — q’ + q» + «f — V* .)' = 1— Sq-t-Sq' — 7q" -t-9q ,< ’ 


Formulam 4) etiaui Cl. Gauss invenit iu Commentatione : Summativ Serierum. 

quarundam singularium. Conim. Gott. Vol. 1. a. 1808 — 1811. Ouani ille deduxit e se- 
quente formula memorabili : 

(1— qi)(l — q*n)(l — q‘l)(t— q’t) ■ ■ ■ _ 

(t-q)(l_q>)(l — q*J(l — q’) .. . = 

, q(l — ») q» (1 — «)(1 — q») q* (1 — t) fl— q«)(I — q»») 

+ 1—1 (l-q)(t-q*) (l-q)(l— q*)<l— 1*) 

posito z = q . Cui addi possunt formulae similes , quarum demoustrationem hoc loco 
omitto : 


1 (t +»)(i+q»Ki4 -q* »l •• , J_ (t— «)(t— q«)(t— q*») ■ ■ 

* (l+qKl+qOll + q 1 ) • • + * (t+q) (l+q*)(l-t-q*) • • = 

q (i—»*) . q* (t — *') (i — q» **? _ g’(t-0(t-q , « , )(t-q*0 

l_q’ T (1 — q’)d — q") (l-q*](l_q')(l-q‘) 

q (i+*)(l + q*)(l+q’i) . • q ( 1 — *)d— q*)d— q’i) . . 

2* ' (t+q)(l + q*j(l + q') .. *» • (t + q)(l+q*)(l+q>) .. ~ 

qm-O q* (t — O (i— q* **) q‘«d-.’)d-g , 0d-q , 0 

l-q* ^ <l-q’)(l-q‘) (t - q>)(l _q«)d _ q*) 


quarum 9), posito z = q, praebet: 
Jt_ J_ (l-q)(l-q’Hl-q’) ■ ■ 

* S ' (l + qMl + qTd + q 1 ) . . 


1 — q + q* — q" + • • . 


sive : 

(t— q)(t— q*)d — q')d — q*) •• 
C»+q)(i+q’Ki-H’)tt+q‘) ■ • 

quae est formula 3). 


i_*q + *q* — *q* + -... 


Formula 6), quae profundissimae indaginis est, ut quae a tristetione functionum 
Ellipticarum pendet, iam e longo tempore a CJ. Euler inventa est et luculenter demon- 
strata. De qua insigni demonstratione alibi uobis fusius egendum erit. 
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Ilis addamus evolulioues sequentes : 

r l 


V “I”)' 

q (i— q') 


»i) 


•' ' •= ‘"l •• 

.. I V - 


' ' . ■ ' 1 I , 

g V .| i(i— g-)(i— q‘; • • -i 8 

(I — 24 coi!»+<| ! )(I — (I — 2 (j , co* 2 i + 4 " > ) . . . 


»‘/V(l— q*) 27^(1 -q-) 11 

1 — 2 q co* 2 x -f" q’ 1 — 2 1| * CO i 2 X 4- q* 1 — 2q*co&2x -+~ q’ r 


l*) 


v 

■(“) 


fd - q*)(l -q*Kl- - q-Kl-MV^r 


1 

»iu x 


*inx(l — 2q J costx 4~q 4 )(l — 2 q 4 co» 2 x 4» q") (1 — 2q*cos2i4*q ,, J • . 

4q l5 (i-f-q*}«n* 


4q 3 (l-hq , ;«n» 4g»(l-fq«)»tn« 


1 — 2q’ cos2x4“4* i 1 — 2 q 4 co» 2 x 4* / 1 — 2q*co*2*-|- q" 


„ 1 i (*-q a Hi-q 4 > q*(t — q 4 )(i— q") g^l-q^Kt-g 1 ») _ i 

sin x \ 1 — - 2 q a cos 2 1 ■+• q 4 I — 2q 4 cu»2x -f* q* 1 — 2 q" cus2x 4- q‘ 3 j' 

quae e nota theoria resolutionis fractiouum compositarum in simplices facile obtiueulur. 

Iliuc deducuntur evolutiones speciales: 

SkK 


IS) 




*k'K 4q 4 q' 

14) = t - H 


«q^_ . *q K 

„i • 


i+q ' l+q’ ' + q' ' i+q' 

ikK SkK 


Quibus cum evolutionibus expressionum 
/* q 'f q* ■ 7" q* /q* 

1— q 1-q' 1-q* 1— q’ ' ' 

^)-/r(i±i-) + /r-(i±x)- 


•supra exhibitis comparatis , prodit : 




i — 


X+q l + q> 

*q . +q* 


i+q 

*q' 


r + 


r + 


i+q’ 

♦q"* 


i + q t+q’ i+q’ ’ i+q‘ 

Simili modo Cl. Clautert uuper observavit *) , senem 


_JI_ + _JL_ 

1-q ^ 1-q 1 


q 1 q* 

— 2 — -i 2 4. 

1 — q' 1 — q 4 


*) CreUe Journal cet. Tom. III. |»ag. 95. 


A a 2 
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transformari posse in hanc: - .: ■* , . • ». ; • 

Invenimus supra evolutiones ipsorum — — iK eorumque dignitatum secundae, 

tertiae, quartae in series. Ouae igitur evolutiones dignitatis secundae, quartae, sex- 
tae, octavae expressionum • ‘ 

V “ 1 + *<l + *1* + *<t” + *f* + ■ • 

— Sif h + * / q" + * V 't ■* + s sfq* -1 + . . 

0 T - — 

suppeditant, unde varia theoremata Arithmetica fluunt. Ita e. g e formola: 

(^Y={r+*q-Mr + *<t , + *'T+*f= • S. ’ 

f q q* q* * l ' * 1 4 I . ’ »t « »'»*>* 

T U— q 1 + q* 1-q’ 1 + q* ^ I 

l + 8t V (p){qP + *q tp + H- 3q*l> + . .}. 

uiii p numerus impar quilibet, sji Cp) summa factorum ipsius p, fluit tamquam Corol- 
larium theorema incl) Ium Fermatianum , numerum unumquemque esse summam qua- 
titor quadratorum. 


TtALAK, TVrtS EXmttCM GEBACERIt*. 
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CORRIGENDA. 


Lectorrm benerolum oratum volo , ut ante lectionem corrigat , quae irrepserunt menda graviora 
sequentia : 

Pag. S. lin. 11. leg. M loco U, his. 

— 7. _ 7. .aco A. l ~~ ieg.A.- 1 -’ , 

B (l + mi)’ (1-f-mx/ 

— 8. loco k’ leg. **, 

— 8. — 6. loco /kTT leg. i, bis. 

— 9. U ei V ubique inter se commutari debent. 

— 10. — t 4. 6. loco — /T leg. + /T • 

— 17. — 8. loco a"y, b‘*y leg. a"y*» b”y*. 


— ff. — 1«. loco 


/ x >in+i j |ub*i 

— V — • 


m — 1 1 |j»in — i 

— 19 1 . loco — - — — — leg. 


-8. _ 17. loca | tgl 


^in-» 

u (Jv-fu*) 


-25. — 17. loco (l-f-2«)’ leg. (! + *«)'. 

— 29. — 5. loco -|» v 4 leg. — n*. 

— 7. loco : ir loco u , leg. : u loco v. 

— 18. loco (1 — u 7 v*) leg. (I — 4u 4 v f ). 


lin. postr. loco: 
— 81. — 2. loco 


u (n -f v») y 4- 
u’{l + u'r) •+- 
d x 


leg. 


,c 8- 


ii(u + v<)> — . . 

U*(l +U* v) — . 
d If 


f— k*sinq’ fi= k 1 sm tf ■ 

— 85. — 10. 11. loco k leg. k\ 

lin. postr. loco profecti leg. perfecti. 

n— I 

— 89 — 16. loco M leg. (— 1) * M. 

— 47. — 10. loco f. . .f leg. 

f K' k D 

— 51. — 8. delendum "t/ - , adjiciendum 

V ** . / . 4Kl / . 8Kt / 4(n— l)Ki 

. cos ini (u) cos atnju -f. — J cos autju + —J . . cos am | u -f- — i-l. 

— 9. delendum f/ — — . adiicienduin : 

V k" 


/ i 


= V jqr ■ * » m (“) 


/ *Ki . / 8 K\ , / 4(n — 1)K\ 

i ini Iu + j A arn | u -f. I . . ii am | u I . 

B I. 


> 
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60. lin. 19. loco tj 1— >.'i‘ leg. tf 1 
65. — 6. loco «in* »tn u leg. yjr. 

— 12. loco earum leg. earumque. 

^ , 2 m' i K* 2m' i K’ 

64. — 21. loco leg. z - — . 

n n M 

67. - 17. loco —192 X* leg. + 192 X*. 

1 V*.. , 1 X' 1 .. 

76. — 4. loco — leg. . 


79. 




Sk' , Sk' 

80. — 9. loco — leg. r— - . 

k* k* 

— 1*. loco k*k' 3 leg. 4k*k' 3 , loco k'*(l-k')’ leg. 4k'*(l-k j'. 
_ 14. loco k‘(l— k')* leg. k»(l+V)». 

88. — 11. loco — q* leg. — 2q*. 

94. _ 11. loco k"*" leg. k‘"\ 

98. lio. penult. loco opposuisse leg. apposuisse. 

8 q . 8q 


101. — 4. loco — 


a+o 


leg. — 


<i+q)’ 


24 24 

105. — 1. loco — - — q w leg. — q 10 . 

107 . 


108 . 

111 . 


— 8. loco formula leg. unde formula. 

— 18. loco evolutas, ■ — — nanciscimur leg. evolutae ■ 

— 

lio. ul». loco quem leg. quam, 

2 K 2E* 


nanciscuntur. 


114. — ■ 12» loco — ■ 


. * K 

leg. — S 


2b 


117. — 8. loco 8529 leg. 8229. 

— 15. loco + 82 k’ leg. + 28 k\ 

— 20. loco n (2 n — 2) leg. n(2n — 1). 


lio. ult. loco 


!<«• 


d* 


sin am u 


du* " du* 

118. — 8. loco — 2 leg. — 2k*. 

— 10. loco — S2U + k*) leg. — 32k’(l+k’)- 

/ 2K 2K 2K 2F.‘ \ , / 2K 2b' , 

120. — 17. loco ( . — 1 leg. ( — } . 

\it it n it / V*r re / 

124. — 7. loco »in am (u — v) — leg. ain un (u + v) — . 
lia. antep. Tayloriana leg. Toyloriano. 

125. — 10. loco — 2 leg. — . 

128. lin. penult. loco 2. 4. 6. 7 leg. 2. 4. 6. 8. 

151. — 1. 2, 5 loco (— l)"2 n ~», (— 1)»4»-\ (— 1)«6 M -' leg. (— 1)“-*2«*-» 
(— iju-i$.n-» 4 

— ) " 8 ' (— ) ■ 
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F*fl* Hi». 14. loco lang. ani u Icg. i laug. ani u. 

— 1«. — 7. loco 1 - k* »in’ am u . .io’ q leg. 1 _ k’ ,i„’ ain u 

— — 7. loco quibit » , tranii leg. quibus, transi». 

— 164. _ 11. loco 2 (u) - Z(u + .) Icg. Z(u) + Z(») — Zfu + o). 

— 158. — 10. i u denominatorc loco 1 k 1 .. Jeg. 1-f-k* .. 

— 159. — 14. loco — n(u, u + b) leg. — ll(u, « + b). 

“ 160* — 16: 2), 3) delendum. 

— 16«. — 10. loco 1(1— <1)0 — q*K« — q‘) i Icg. 10 — ,)(!_, >)(!_«•) ..i>. 

-169. - 10. loco ioZ Icg. iaZ. 

— "!• — 21. loco classem leg. in classem. 

— 172» — 1. loco E leg» Et. 

— 6. loco II(u+i, a -f-i b) leg. II(u-fiT, a-f-ib). 

“* 174. — * S. loco aio am u leg. ain am u . ®u. 

— 176. lin. antep. loco Quam leg. Quem. 

— 178. — 1. loco varie leg. serie. 

160- — 8. loco Quam leg. Quem. 
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3n unfcrin Skrlage ifl erfdjienen. 


grgelanbec, Dr. g. 80. g., Unterfucfcungfn uber fcic ®al)ti be* gcofirn Gramen ocm '3 a *> r ISI '• 
unit J Supfct gr. 4. 1828. gei), l iKtljlr. 

Saucfep, 51. 5ef)rbucb ter algcbraifcfcfn Slnafpfri, auS bem granjfcfiMifn ubrtjc$t ren S. t. S'. 
JpujUr. gr. 8. 1828. 2 *Rtf)lr. 

Ilerbart, C- F., da attentionis mensura causisijue primariis. Tsychologiae principia statica 
et merhgnica exemplo illustraturus. 4. 1822. 25 Sgr. oder 20 gGr. 

— — uber bie *TO6glictfeit unb Oiotbtwnbtgfeit, OTatbfmatif auf ^fncboleaic anjutrenbctt. 8. 
1822. 12j ©gr. cber 10 g®r. 


Oiicf)(l«n« roirb erfctjeitun: 

Tabulae Regiomontanae reductionum observationum aslronomicariiin ah Anno 1750 usijue ad 
Annum 1850. Auctore F. W. Bessel. 
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